
MathLang
- Towards a Better Usability

and Building the Path into Coq -

First Year Report

Author
Christoph Zengler

Supervisors
Prof. Fairouz Kamareddine and Dr. Joe Wells

ULTRA Group
School of Mathematical and Computer Sciences

Heriot-Watt University Edinburgh

November 2008



Contents

1. Introduction - The Path to MathLang 5
1.1. The Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.1.1. Mathematicians and Logic . . . . . . . . . . . . . . . . . . . . . . . . 5
1.1.2. Mathematicians and Computers . . . . . . . . . . . . . . . . . . . . 6
1.1.3. The traditional picture . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2. The structure of MathLang? . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2. CGa and TSa - bringing CML to the computer 10
2.1. Abstract Syntax . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2. The syntactic elements of MathLang . . . . . . . . . . . . . . . . . . . . . . 13

2.2.1. Identi�er level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2.2. Category level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.2.3. Expression level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.2.4. Phrase level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.2.5. Step level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.3. The type system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.3.1. Foundation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.3.2. The typing judgements . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.4. Special features of the TSa . . . . . . . . . . . . . . . . . . . . . . . .. . . 39
2.4.1. Reordering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.4.2. Repetition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.4.3. Processing of lists . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3. DRa - the rhetorical structure of a text 46
3.1. The idea of DRa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.2. DRa's syntax . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.2.1. Annotating DRa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.2.2. Con�guring DRa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.2.3. Basic syntax checking of a DRa annotation . . . . . . . . . .. . . . 49

3.3. The dependency graph - DG . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.3.1. A formal view on the DG . . . . . . . . . . . . . . . . . . . . . . . . 50
3.3.2. Generation of the DG . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.4. The graph of textual order - GoTO . . . . . . . . . . . . . . . . . . . . . . . 51
3.4.1. Textual order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.4.2. A formal view on the GoTO . . . . . . . . . . . . . . . . . . . . . . . 56
3.4.3. Generation of the GoTO . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.4.4. Extended checking of DG and GoTO . . . . . . . . . . . . . . . . . . 57

3.5. Extended CGa checking with the help of DRa . . . . . . . . . . . . . . . . . 60
3.5.1. The idea of combined CGa and DRa checking . . . . . . . . . . .. . 60
3.5.2. The new typing judgements . . . . . . . . . . . . . . . . . . . . . . . 61
3.5.3. Including other documents . . . . . . . . . . . . . . . . . . . . . . . 62

2



Contents

4. SGa - Generating proof skeletons 63
4.1. The idea of SGa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.2. Generating the proof skeleton . . . . . . . . . . . . . . . . . . . . .. . . . . 63

4.2.1. Con�guration of SGa . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.2.2. Rearranging the vertices . . . . . . . . . . . . . . . . . . . . . . .. . 65
4.2.3. De-nesting the graph . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.3. The next step: The rich skeleton . . . . . . . . . . . . . . . . . . . . . . . . 72
4.3.1. Rich skeletons for Coq . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.3.2. Rich skeletons for Isabelle . . . . . . . . . . . . . . . . . . . . .. . . 76

5. An example of a full formalisation in Coq via MathLang 77
5.1. CGa and TSa annotations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.1.1. The Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.1.2. The �rst section . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.1.3. Sections 2 - 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.1.4. DRa annotation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.1.5. Generation of the proof skeleton (SGa) . . . . . . . . . . . .. . . . . 82
5.1.6. Completing the proofs in Coq . . . . . . . . . . . . . . . . . . . . . . 83

6. The new implementation of MathLang 86
6.1. Reasons for the new implementation . . . . . . . . . . . . . . . . .. . . . . 86
6.2. Basic concept . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
6.3. New features . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

6.3.1. Graphical user interface . . . . . . . . . . . . . . . . . . . . . . . . . 88
6.3.2. Interactive view of the graphs . . . . . . . . . . . . . . . . . . . . . . 88
6.3.3. Implementation of DRa . . . . . . . . . . . . . . . . . . . . . . . . . 90
6.3.4. Speed improvisation . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

7. Contributions of the PhD student during his �rst year 92
7.1. Familiarise with the MathLang framework . . . . . . . . . . . . . . . . . . . 92
7.2. Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
7.3. Typesystem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
7.4. Formalisation of DRa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
7.5. Formalisation of CGa and TSa . . . . . . . . . . . . . . . . . . . . . . . . . 93
7.6. The new SGa aspect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
7.7. Encoding of Landau's �rst chapter . . . . . . . . . . . . . . . . . . . . . . . 93
7.8. Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
7.9. Trac, Wiki for the MathLangproject . . . . . . . . . . . . . . . . . . . . . . 93
7.10. MKM Conference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

8. Objectives for the next year 94
8.1. LIa { the LATEX input aspect . . . . . . . . . . . . . . . . . . . . . . . . . . 94

8.1.1. Overview of LIa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
8.1.2. The original LATEX �le . . . . . . . . . . . . . . . . . . . . . . . . . . 94
8.1.3. Step 1: Annotating the �le . . . . . . . . . . . . . . . . . . . . . . . 96
8.1.4. Step 2: Recognise declarations and de�nitions . . . . .. . . . . . . . 97
8.1.5. Step 3: Build scanner & parser . . . . . . . . . . . . . . . . . . . .. 97
8.1.6. Step 4: Structure the document . . . . . . . . . . . . . . . . . . . . . 98
8.1.7. Step 5: Detect DRa . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
8.1.8. Step 6: Generate output . . . . . . . . . . . . . . . . . . . . . . . . .100

November 20, 2008 3



Contents

8.1.9. User interface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
8.2. NLa { the natural language aspect . . . . . . . . . . . . . . . . . . . . . . . 103
8.3. Extending the scope of MathLang . . . . . . . . . . . . . . . . . . . . . . . 103
8.4. Building a library of mathematical texts . . . . . . . . . . . . . . . . . . . . 105
8.5. Timeline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
8.6. System overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .105

A. The CGa and TSa annotated original text 114

B. The DGs 152
B.1. The DG of section 1 + 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
B.2. The DG of section 1 - 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
B.3. The DG of section 1 - 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

C. The GoTOs 156
C.1. The GoTO of section 1 + 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
C.2. The GoTO of section 1 - 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . .157
C.3. The GoTO of section 1 - 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . .159

D. The Mizar Proof Skeleton 160

E. The Coq Proof Skeleton 165

F. Rich proof skeleton for chapter 1 of Landau in Coq 169

G. The complete formalised Coq Code 173

November 20, 2008 4



1. Introduction - The Path to MathLang

This chapter gives a short overview of the background and theevolution of the MathLang
system. We explain the reasons behind its initiation by Fairouz Kamareddine and Joe
Wells in 2000 and we explain the long and steady progress since. At the end of this
introduction we present the short overview of the complete system to give the reader the
big picture before we go into more details in the following chapters.

1.1. The Background

When we talk about mathematical texts we talk about a history of thousands of years.
Such history includes beautiful discoveries that have shaped the human mind and had
in
uence far beyond the realm of mathematics. For example, we have the famous books
about geometry from Euclid, the work of Leonardo Fibonacci in the 12th and 13th century,
and the work of Fermat, Euler, Fourier, Gau�, Cauchy, Dedekind, Hilbert or G•odel since.
Each of these mathematicians had his own writing style, his own symbols and his own
way of writing mathematics. Also when we talk about mathematical texts, we talk at the
one end about pages in a book, perhaps scanned as images, papers in LATEX source or as
PDF, or at the other end about fully formalised texts in Mizar , Isabelle or Coq based on
a certain foundation of mathematics like set theory or type theory.

At the beginning of the MathLang project there were two major questions as stated in
[18]:

1. What is the relationship between the logical foundationsof mathematical reasoning
and the actual practise of mathematicians?

2. In what ways can computers support the development and communication of math-
ematical knowledge?

1.1.1. Mathematicians and Logic

The answer to the �rst question goes back to Aristotle and Euclid who were the �rst
to introduce logic as a tool for reasoning about their mathematical propositions (see e.g.
[8]). Although logic evolved since then it was not really used as a solid foundation for
mathematics until the late 18th century. In the 19th century famous mathematicians like
Peano or Cantor worked without a very formal treatment of logic or quanti�cation. With
the \Begri�sschrift" ([7]), Frege was the �rst to introduce a formal logical system which
used symbols instead of natural language and was therefore much more precise (but very
hard to read and understand). Frege followed his \Begri�sschrift" by his \Grundlagen",
a much more suitable system for formalising mathematics.

But in 1901 Russell discovered a logical paradox in Frege's impressive logical system (and
this paradox also holds in the set theory of Cantor). The Russell paradox was not present
in Frege's \Begri�sschrift" which did not allow any form of s elf-application of functions,
but was indeed present in Frege's \Grundlagen" which indirectly allowed self-application
of functions.
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1.1. The Background

In order to avoid the paradoxes in the logical formalisationof mathematics in his \Prin-
cipia Mathematica" ([27]) Russell developed (together with Whitehead) a new kind of
logical foundation: the type theory.

Building on the impressive works of Frege, Russell, Hilbert, Ramsey and many others
(see [9] for an overview), we �nd today numerous foundationsof mathematics and a lot
of variants of these. We have type theory (e.g. the calculus of constructions, Martin-
L•of's predicative type theory), set theory with the classi cal axiomatisation of Zermelo
and Fraenkel (ZF) or the Tarski/Grothendieck set theory, th ere is Church's higher order
logic, Brouwer's intuitionism and category theory (see [28] for a comparison of a number
of foundations of mathematics).

Despite the huge and impressive amount of work on the foundations of mathematics,
mathematicians do not commit themselves to a certain foundation, although many of them
tend to think in terms of ZFC (the Zermelo-Fraenkel System extended with the Axiom
of Choice). But when one reads their papers, there is never a full axiomatic foundation.
One reason for this is the vast amount of space that such a complete formalisation com-
mitted to a certain foundation needs (for example, \Princip ia Mathematica" presents the
foundations of a very small domain of mathematics on about 2000 pages). Other reasons
include the loss of clarity in a mathematical text expressedin a logical foundation and the
inability of any foundation to be the ultimate tool able to de al with all of mathematics.

But of course mathematical papers are not completely unformalised, they are written in
a special language, which we will call theCommon Mathematical Language (CML). This
CML is based on natural language and therefore has linguistic constructs like nouns, verbs
or adjectives. There are a lot of \keywords" which indicate the role of a chunk of text
like \theorem", \lemma", \de�nition" and words expressing the relations of parts of text
like \hence", \in contradiction", \therefore". Besides th e natural language part, CML
also consists of symbols, formulas, diagrams, references and a lot of implicit knowledge.
This CML has evolved over the last two thousand years and is widely accepted by most
mathematicians - they use it in their everyday communication, in papers, in talks or in
mails.

But this CML has some major disadvantages and we struggle tremendously when trying
to parse it. Since CML is based on natural language it is informal and inherits all the
ambiguities from natural language. In CML texts, much is left implicit and the reader is
supposed to have some background knowledge in this area and to use his intuition. These
points lead to the conclusion, that a CML text is very automat ion unfriendly and very
hard to understand by a computer system. There is no known system today which is able
to parse mathematical texts with their natural language parts. Some researchers currently
deal with parsing the formula part of mathematical texts (see e.g. [3]). However no one
tries to connect this information derived from the formulas with the natural language part
of the document and therefore parses the complete meaning ofthe CML. These observa-
tions lead us straight to the next point: How then can computers support mathematicians
in their work.

1.1.2. Mathematicians and Computers

One of the most obvious and most accepted ways in which computers can nowadays
support mathematicians is in providing them with typesetti ng systems like TEX, LATEX or
MathML. Most of the mathematicians today make use of LATEX to write their papers and
publish their ideas. But at this level of typesetting we do not have any semantic meaning
of mathematics, it is just the plain source text which tells the compiler how to produce a
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1.1. The Background

proper PDF out of it. But there are projects like sTeX 1 or SALT 2 which try to include
semantic annotations within the latex �les. The problem is, that the source code gets
unreadable very fast.

The second area of computer support for mathematicians is the computer as an instru-
ment of research and provision of information. But here we are already at the boundaries:
to be able to search e�ciently for mathematical formulas you need some kind of semantic
search. When searching for

P n
i =1 i = n(n+1)

2 one also wants to �nd
P a

i =1 i = a(a+1)
2 or

perhaps even
P n

i =1 i = 1
2 � (n2 + n). This is not possible with just searching for characters.

There are many projects which deal with these problems. But this kind of support is not
really usable at the moment because it lacks good semantic search engines and - more
importantly - there isn't a large corpus of semantic annotated mathematical texts which
could be searched.

The third area where computers support mathematicians is the one of theorem provers
or proof assistants. These tools rely on a certain logical foundation like the calculus of
constructions (Coq), higher order logic (HOL) or some variants of set theory (Mizar).
Freek Wiedijk's \Seventeen Provers of the World" ([29]) gives a nice overview of current
provers and their underlying foundations.

The big problem with formalising mathematics for these systems is the big \loss fac-
tor" between the original mathematical text and its formali sed version, which means the
formalised version is much longer - and therefore much more time-consuming. This loss
factor is named the De Bruijn Factor after Nicolaas Govert de Bruijn who wrote in [5]
(reprinted in [24]):

\ A very important thing that can be concluded from all writing experiments
is the constancy of the loss factor. The loss factor expresses what we loose
[sic] in shortness when translating very meticulous 'ordinary' mathematics into
Automath. This factor may be quite big, something like 10 or 20, but it is
constant: it does not increase if we go further in the book. Itwould not be too
hard to push the constant factor down by e�cient abbreviations."

De Bruijn talks about Automath, a formal language and proof system developed by him in
the late 1960s. But this loss factor is still present in current systems. F. Wiedijk computed
these factors for some current systems and areas of mathematics. Depending on the area
of mathematics and the prover, the factor lies between 3 and 43. The only exception was
encoding in the area of logic which could be coded with almostno loss (thus a factor of
1.1 and 1.3 in HOL and Isar).

1.1.3. The traditional picture

Figure 1.1 summarises the state of a�airs as we have just described in the last section. After
formulating his ideas (in his head, with a pen, or with the computer) the mathematician
writes down his text in CML. Now we see di�erent actions leading to di�erent outputs.
One can typeset this CML text (e.g., in LATEXof Word) and get a properly set document,
one can prepare this text for special search engines on the web (perhaps with the reuse
of some LATEX formulas), or one can formalise the CML text and rewrite it i n the special
syntax of a certain theorem prover, computer algebra systemor programming language.
All these steps are quite independent from each other and thefact that the mathematician

1http://kwarc.info/projects/stex/
2http://salt.semanticauthoring.org/
3http://www.cs.ru.nl/ � freek/factor/
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Figure 1.1.: The traditional picture for the authoring of ma thematical texts

has already typeset the whole text does not support him when formalising the text in proof
checking system like Coq.

The idea of MathLang is to support the mathematicians with a framework for simpli-
fying these di�erent steps. In contrast to a fully formalised text in a system like Coq,
mathematicians can decide themselves how much they want to formalise and can take the
original text from one level to another with di�erent variat ions on the formalisation scale.
In MathLang these di�erent levels are referred to as 'aspects'. We will take a look at the
picture that is drawn by MathLang in the next section.

1.2. The structure of MathLang?

At the beginning of 2008 MathLang consisted of three di�erent aspects namely CGa, TSa
and DRa. In 2008 a new aspect, the SGa was added to the framework. In the next
chapters we will look at each of these aspects in detail, but to give an overview we explain
each aspect here shortly.

The core grammatical aspect CGa represents a formal language derived from Weak
Type Theory [17] and the Mathematical Vernacular MV [6]. It i s used to characterise
mathematical texts on the word and sentence level. Therefore we have syntactic elements
like term, noun, adjective or statement. We will present the abstract syntax of this
language and its typing rules in chapter 2.

The document rhetorical aspect DRa gathers information at the document level of a
mathematical text which means we can annotate chunks of textwith mathematical or
structural roles like de�nition, axiom, lemma, theorem, pr oof, chapter, section or book.
We can then de�ne relation between these parts of text. E.g. it can be speci�ed that a
certain part of a text is a proof and justi�es another part of t he text classi�ed as lemma.

November 20, 2008 8



1.2. The structure of MathLang?

We will take a closer look at DRa in chapter 3.
The text & symbol aspect TSa builds the bridge for CGa and DRa to the user interface.

Currently we are using a plugin for the scienti�c editor TEXMACS to annotate our texts.
This plugin allows us to mark certain chunks of text and annotate them with linguistic,
mathematical or structural roles. There are also some features for annotations built in the
TSa with the aim of simplifying the annotation process for the user. The TSa is explained
in more detail in chapter 2.

The new skeleton generation aspect SGa takes the DRa information to produce a proof
skeleton for a certain theorem prover. With proof skeleton we mean an outline of the
proof. For some theorem provers it can be necessary to rearrange or de-nest the original
mathematical text which is performed automatically of this aspect. If CGa annotation is
present in the document we can also automatically produce a rich skeleton which enriches
the proof skeleton with automatically translated parts of t he original text. All details of
the SGa can be read in chapter 4 of this report.
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Figure 1.2.: The new picture for authoring mathematical texts via MathLang

Figure 1.2 illustrates the situation. It is important to men tion that we try to design the
aspects as independent from each other as possible. A document can be annotated only
with CGa information or only with DRa information and of cour se with both. The aim
is always to let the user the choice of how much formalisationhe wants in his text. If a
text is only annotated with DRa information still a proof ske leton can be automatically
produced. For a rich proof skeleton, also the CGa information has to be present.

The most important fact to mention is the gradual formalisat ion of a text through the
framework { beginning with the original input document and ending in a possible complete
formalisation in the language of a certain theorem prover athand. In chapter 5 we show
how such a path through the di�erent aspects can look like by taking the �rst chapter of
Landau's \Grundlagen der Analysis" [22] up to a complete formalisation in Coq.
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2. CGa and TSa - bringing CML to the
computer

CGa { the Core Grammatical aspect { represents the 'Lang' part of MathLang. It is a
formal language for mathematical texts which is inspired byWeak Type Theory WTT [17]
and the Mathematical Vernacular MV [6]. The CGa was mainly developed by Kamared-
dine, Maarek and Wells and was implemented by Maarek [15, 16,13, 23]. CGa constitutes
the main part of Maarek's PhD Thesis.

The TSa { the Text and Symbols aspect { builds the bridge between the user and
the CGa and DRa (see chapter 3). Since we do not want the user tolearn yet another
formal language we invented a new way of bringing CML to the computer. The main idea
behind TSa is that the user annotates parts of the mathematical texts with certain colours,
representing di�erent linguistic roles. We have nine di�er ent linguistic roles and thus nine
di�erent colours: term set noun adjective declaration de�nition statement context

step . We use to range over annotations with an arbitrary linguistic role .
When annotating a chunk of text with a certain colour the user may want to provide

an interpretation for this coloured box. An interpretation is just a name for th e current
construct. This allows us to treat semantically equal but syntactically di�erent chunks
in the same way. For example, the internal representation ofthe formula 4 < 6 could be
exactly the same as the one of \4 is less than 6" or \Four is lessthan six". To give an
idea how this annotation looks like, we will state this example here:

� <less> <4>4 < <6>6

� <less> <4>4 is less than <6>6

� <less> <4>Four is less than <6>six

The name between the matching pair< and > indicates the interpretation. Both, the
number '4' and the word 'Four' are interpreted as '4'. The number '6' and the word 'six'
also share the same interpretation '6'. The interpretation for '< ' and 'is less than' is both
times 'lt'.

In the following sections we take a look at the di�erent possibilities we provide to
annotate CML.

Note Usually we introduced CGa and TSa separately. In this reportwe want for the �rst
time to look at them as a union in order to show how user inputs in TSa are processed
within the framework. We start by giving an overview of the complete abstract syntax for
the CGa as a reference. Then we explain each possible language construct, its syntax and
semantics, its representation in CGa and TSa and examples ofits usage.

2.1. Abstract Syntax

We use the following symbols:term; set; noun; adj; set; stat; dec; Noun; Adj; self.
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2.1. Abstract Syntax

Note that in the abstract syntax of identi�ers, upper indice s are part of the symbol. A
term identi�er I T e.g. could be a word like '42', a noun identi�er I N is e.g. 'circle'. We
assume in the whole report the convention that if a metavariable (say C) ranges over a
syntactic element, then C1; C2; ::: also range over the same element.

De�nition 2.1 (Linguistic levels) The syntax of CGa is based on a hierarchy of �ve
di�erent linguistic levels (see Table 2.1):

1. Identi�er level I

2. Category levelC

3. Expression levelE

4. Phrase levelP

5. Step levelS

Elements from the identi�er level I and the category levelC are part of the expressions of
E, expressions are part of the phrases ofP and the steps ofS are built from phrases.

De�nition 2.2 (Syntactic elements) On each level we have di�erent syntactic ele-
ments:

1. On the identi�er level: term identi�ers I T , set identi�ers I S , noun identi�ers I N ,
adjective identi�ers I A and statement identi�ers I P .

2. on the category level: term categoriesT , set categoriesS, noun categoriesN , adjec-
tive categoriesA , statement categoriesP and declaration categoriesD.

3. On the expression level: declaration expressionsDEC , instantiation expressions
INST , description expressionsDSC , re�nement expressions REF and the self ex-
pression SEL .

4. On the phrase level: sub re�nement phrasesSUB , de�nition phrases DEF , decla-
ration expressionsDEC and statement expressionsP.

5. On the step level: local scoping stepsLOC , block stepsBLO and each phrase ofP
is a basic step.

We describe these syntactic elements by giving their abstract syntax. We begin with
presenting the complete abstract syntax for MathLang's CGa (see Tables 2.1 and 2.2)
before we go more in detail and explain the single syntactic elements. In the presentation
of the abstract syntax we use the following meta symbols \::=", \ j ", \[]" and \ �! ".
Every other symbol is part of the CGa. A::= B j C expresses, thatA can be either B
or C. Let � and � be arbitrary sequences ofA i for i 2 f 1::mg for an arbitrary m. The
syntax A::= � [C1 j C2 j : : : j Cn ] � represents then rules A::= � C 1� , A::= � C 2� , : : :
A::= � C n � . (

�!
A ) expresses an arbitrary length list of As. In (

�!
A j

�!
B ) we have a list of

either only As or only B s, in (
���!
A j B ) the list can contain As and B s at the same time.
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2.1. Abstract Syntax

Linguistic Syntactic Abstract syntax Meta-
levels elements symbol

identi�er identi�ers I ::= I T j I S j I N j I A j I P id
level

category categories C ::= T j S j N j A j P j D c
level
C term categories T ::= term j term(U) ct

set categories S ::= set j set(U) cs

noun categories N ::= noun j noun(U) cn

adjective categories A ::= adj j set(U; U) ca

statement categories P ::= stat cp

declaration categories D ::= dec(T ) j dec(S) j dec(N ) j dec(A ) j dec(P ) cd

expression expressions E ::= DEC j INST j DSC j REF j SEL e
level

E declaration expressions DEC ::= I T (
�����!
C j S j U) : [T j S j U] D

j I S (
�����!
C j S j U) : S

j I N (
�����!
C j S j U) : N

j I A (
�����!
C j S j U) : A

j I P (
�����!
C j S j U) : P

instantiation expressions INST ::= I (
�!
E ) j T:I (

�!
E ) In

description expressions DSC ::= Nounf S g j Adj(U)f S g Dd
re�nement expressions REF ::= A [T j S j U j A] Re
self SEL ::= self Se

phrase phrases P ::= SUB j DEF j P j DEC p
level
P sub re�nement phrases SUB ::= [ I T j I S j I N j I A ] << [U j A] U

de�nition phrases DEF ::= [ I T j T:I T ](
�!
I j

�!
E ) := T F

j [I S j T:I S ](
�!
I j

�!
E ) := S

j [I N j T:I N ](
�!
I j

�!
E ) := U

j [I A j T:I A ](
�!
I j

�!
E ) := A

j [I P j T:I P ](
�!
I j

�!
E ) := P

step steps S ::= LOC j BLO j P s
level
S local scoping steps LOC ::= S B S L

block steps BLO ::= f
�!
S g B

Table 2.1.: CGa's abstract syntax

Elements Abstract syntax Meta symbol

term expressions T ::= I T (
�!
E ) j T:I T (

�!
E ) j A T T

set expressions S ::= I S (
�!
E ) j T:I S (

�!
E ) j A S S

noun expressions U ::= I N (
�!
E ) j T:I N (

�!
E ) j A U j Nounf S g N

adjective expression A ::= I A (
�!
E ) j T:I A (

�!
E ) j A A j Adj(U)f S g A

statement expressions P ::= I P (
�!
E ) j T:I P (

�!
E ) P

Table 2.2.: additional elements for CGa's syntax
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2.2. The syntactic elements of MathLang

2.2. The syntactic elements of MathLang

In the following sections we explain the di�erent syntactic elements which we saw in
the abstract syntax table above. Therefore we introduce functions to translate between
annotations in TSa and their CGa representation (since TSa is only a user interface for
CGa).

De�nition 2.3 (TSa annotations) A TSa annotation is a coloured box around a chunk
of text. An annotation has an interpretation (given by the user) written between < and

> <interpretation >chunk of text . If the interpretation is not important it can be omitted:

chunk of text . Annotations can be nested. So the chunk of text surrounded by an anno-
tation box can contain other annotations. We refer to these nested boxes as children or
parameters. The meta symbol for an annotation isann.

Because of the possibility of nesting of annotations, we canvisualise TSa annotations also
as ordered, labeled trees. The outermost annotation is the root node, its direct nested
annotations are the direct children of the root node, etc. This tree representation is also
very close to the real internal representation of mathematical documents in the MathLang
framework. We use XML which is de facto a meta language for describing ordered labeled
trees.

Example 2.1 (Tree visualization of a TSa annotation) The annotation

Let <A>A be a set and let <42>42 be a <natNum>natural number .

can be visualised as a tree like in �gure 2.1. The outermost (step) annotation is the root
node. It has two nested declaration annotations, thus the root node has two children.
The �rst declaration annotation has one nested annotation, the second one has two nested
annotations. Thus the corresponding nodes have one and two child nodes. Note the absence
of interpretations for steps and declarations { since we do not need identi�ers for them,
we can omit the interpretations.

!"#$

%#&'()("*+, %#&'()("*+,

!#"

!
-#).

"#
/+0,

$%&'()

Figure 2.1.: Tree visualisation of a TSa annotation

De�nition 2.4 (Interpretation of a TSa annotation) The function inter( ann) returns
the interpretation of an annotation ann which is given between the symbols \< " and \ > ":

inter
�

<myInterpretation >chunk of text
�

= myInterpretation

If there is no interpretation present (which can be the case for certain annotations) this
function returns an empty string.
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2.2. The syntactic elements of MathLang

De�nition 2.5 (Linguistic role of an annotation) There are nine di�erent linguistic
roles for a TSa annotation ann: term; set; noun; adj; stat; dec; def; context or step. A color-
less annotation <> indicates an annotation with an arbitrary linguistic role. The function
role(ann) returns the linguistic role of the outermost annotation:

role(ann) =

8
>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>:

term; if ann = p1 ... p1

set; if ann = p1 ... p1

noun; if ann = p1 ... p1

adj; if ann = p1 ... p1

stat; if ann = p1 ... p1

dec; if ann = p1 ... p1

def; if ann = p1 ... p1

context; if ann = p1 ... p1

step; if ann = p1 ... p1

In the following sections we state the annotations for each language construct of Math-
Lang. Each TSa annotation can be translated in the respective CGa construct.

De�nition 2.6 (Representation of a TSa annotation) The function R (ann) yields
the CGa representation of an annotationann. The de�nition of this function is shown in
table 2.3 and will be explained in the following sections.

Note If an annotation has the interpretation #, the hash is a �xed symbol of TSa and not
a place holder for another symbol.

Example 2.2 (CGa representation of an TSa annotation) Without going into de-
tails, we want to present an example for the representation function:

R
�

<in> <42>42 2 <N>N

�
= in (42; N )

in (42; N ) is a statement instantiation.

2.2.1. Identi�er level

We recall the abstract syntax for identi�ers as shown in table 2.1 (recall that id ranges
over identi�ers):

c/identi�ers I ::= I T j I S j I N j I A j I P id

An identi�er is the smallest language construct in CGa. It is a unique string of an in�nite
set of possible identi�ers. We distinguish �ve di�erent set s of identi�ers:

I T identi�ers for term I A identi�ers for adjectives
I S identi�ers for sets I P identi�ers for statements
I N identi�ers for nouns
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2.2. The syntactic elements of MathLang

Annotation ann Description R (ann )
<tName>text term identi�er tName
<sName>text set identi�er sName
<nName>text noun identi�er nName
<aName>text adjective identi�er aName
<pName>text statement identi�er pName
<#>text noun category noun

<#> N noun category noun(R
�

N
�

)

<#>text adjective category adj

<#> N1 N2 adjective category adj(R
�

N1

�
; R

�
N1

�
)

<#>text set category set

<#> N set category set(R
�

N
�

)

<#>text term category term

<#> N term category term(R
�

N
�

)

<#>text statement category stat

<#> <# >c declaration category dec(R
�

<# >c
�

)

<id > p1 ... pn declaration id (R
�

p1

�
; :::; R

�
pn

�
) : role

�
<id > p1 ... pn

�

<id > p1 ... pn S instance declaration id (R
�

p1

�
; :::; R

�
pn

�
) : R

�
S

�

<id > p1 ... pn N elementhood declaration id (R
�

p1

�
; :::; R

�
pn

�
) : R

�
N

�

s noun description Nounf R
�

s
�

g

N s adjective description Adj(R
�

N
�

)f R
�

s
�

g

Table 2.3.: The de�nition of the function R (ann)

In contrast to WTT where we had three di�erent groups of ident i�ers: variables, constants
and binders, we have only one group of identi�ers in MathLang's CGa. But these identi�ers
are more powerful and can express everything which was expressible with WTT. E.g. in
CGa we allow declarations as parameters of identi�ers and therefore can emulate binders
like 8; 9 or � .

The TSa annotation of an identi�er is ann with role( ann) 2 f term; set; noun; adj; statg
and no nested annotations. The CGa representation ofann is its interpretation inter( ann).
Table 2.4 states the possible annotations.

N o Annotation ann Description R (ann ) Abstract Syntax

id1) <tName>text term identi�er tName I T

id2) <sName>text set identi�er sName I S

id3) <nName>text noun identi�er nName I N

id4) <aName>text adjective identi�er aName I A

id5) <pName>text statement identi�er pName I P

Table 2.4.: TSa and CGa rules for identi�ers

Example 2.3 (Identi�ers) � term identi�er '42' with annotation ann1 = <42>42
and R (ann1) = inter( ann1) = 42
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2.2. The syntactic elements of MathLang

� set identi�er 'N' with annotation ann2 = <N>N and R(ann2) = inter( ann2) = N

� noun identi�er 'circle' with annotation ann3 = <circle> circle and R(ann3) = inter( ann3) =
circle

� adjective identi�er 'even' with annotation ann4 = <even>even and R (ann4) = inter( ann4) =
even

� statement identi�er 'true' with annotation ann5 = <true> > and R (ann5) = inter( ann5) =
true

2.2.2. Category level

In the abstract syntax we have the following rules for the category level:

categories C ::= T j S j N j A j P j D c

term categories T ::= term j term(U) ct

set categories S ::= set j set(U) cs

noun categories N ::= noun j noun(U) cn

adjective categories A ::= adj j set(U; U) ca

statement categories P ::= stat cp

declaration categories D ::= dec(T ) j dec(S) j dec(N ) j dec(A ) j dec(P) cd

Categories are used when identi�ers and their parameters are declared. We do not cover all
the nine linguistic roles of TSa with categories, because there are three roles which cannot
serve as a category of an identi�er or its parameters. These three roles aredef; context
and step. To give an impression of how these declarations look like, we could e.g. write
42 : term to state that the number 42 is a term, or true : stat to indicate that 'true' is a
statement.

Noun categories

The use of nouns in the description of CML texts goes back to deBruijn's work on
Automath and MV [6]. He argued that mathematicians use nouns(�rst he called them
'substantives') to talk about classes or families of mathematical objects. Thus a noun
describes a class of objects sharing one or more common properties or behaviours. This
approach is related to the idea of classes in object-oriented programming, where a class is a
blueprint for the general shape of a certain set of objects. For example the noun 'triangle'
describes the class of all closed �gures with three points connected by three lines. If we
have one concrete mathematical object which is a triangle, we call this an instance of this
noun.

As stated above, categories are used to declare identi�ers and their parameters. If we
talk of a term identi�er id of I T , it can also be declared as an instance of a noun. Thus
nouns can be used as a substitute for categories. E.g. after de�ning 'triangle' as noun
using tr 1 := Nounfg , we could state that a certain term identi�er 'tr1' is a trian gle by
writing tr 1 : triangle .

The common properties of a noun are called 'characters' in MathLang. E.g. if we talk
about the noun 'triangle' we could de�ne it with the characte rs 'A', 'B', 'C' for its three
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2.2. The syntactic elements of MathLang

points. Each term which is an instance of a certain noun inherits all its characters, thus
the 'tr1' which is declared as 'triangle' has also these three characters 'A', 'B' and 'C'.

We have two possibilities to write a noun category. We can just write noun or annotate
a chunk of text with <#> for a noun category like in rule cat1), or we can provide a noun
expressionN as a parameter like in rulecat2). If we provide such a noun expressionN ,
the noun category will inherit all characters from N . Thus by writing tr 2 : noun(triangle )
we state that tr2 is an instance of a noun with all the characters from 'triangle'. In fact
this has exactly the same e�ect as writing just tr 2 : triangle .

N o Annotation ann Description R (ann ) Abstract Syntax

cat1) <#>text noun category noun noun

cat2) <#> N noun category noun(R
�

N
�

) noun(U)

Table 2.5.: TSa and CGa rules for noun categories

Adjective categories

Like in natural language, an adjective is used to specialisea noun. E.g. one can specialise
the noun 'triangle' with adjectives like 'isosceles' or 'equilateral'. We have already seen,
that all mathematical objects gathered by a noun share common properties and/or be-
haviours. When a noun is specialised by an adjective (which we call (sub) re�nement), the
result is a new noun with changed properties and/or behaviours. Usually each instance of
the new noun is also an instance of the old noun. E.g. each 'isosceles triangle' is a triangle
or each 'Abelian group' is a 'group'.

Again, we have two possibilities to write an adjective category. We can just write adj or
annotate a chunk of text with <#> for a generic adjective without further information like
in rule cat3) or we can provide two noun expressionsN1 and N2 as parametersadj(N1; N2).
The �rst noun expression N1 states the noun which can be specialised by this adjective.
E.g only a triangle can be specialised by 'isosceles', but not a group, whereas 'Abelian'
is not applicable to a triangle. The second parameterN2 has the same function as the
optional parameter N of the noun category. If it is speci�ed, the current adjective category
inherits all characters of N2.

N o Annotation ann Description R (ann ) Abstract Syntax

cat3) <#>text adjective category adj adj

cat4) <#> N1 N2 adjective category adj(R
�

N1

�
; R

�
N1

�
) adj(U; U)

Table 2.6.: TSa and CGa rules for adjective categories

Set categories

In a set-theoretical foundation of mathematics like [2], every mathematical object is a set.
Since a lot of mathematicians think in terms of set theory, sets are a separate category
in MathLang's CGa. Sets are closely related to nouns. Sets also gather mathematical
objects, but in contrast to nouns, the connection of these objects is not as strong as for
nouns. For a noun we have the condition, that all mathematical objects gathered by this
noun must have a common property or behaviour. We do not have such a condition for
sets. Sets can gather arbitrary mathematical objects. Eachobject of a set is a term. Thus
we can also use sets as a substitute for categories when declaring identi�ers. If we have
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2.2. The syntactic elements of MathLang

a set 'N' representing the natural numbers, we can declare the number 1 as a natural
number by writing \1 : N ".

Note Although each element of a set is a term we will later present apossibility to encode
e.g. a set of sets via a special set constructor.

Again there are two ways of writing a set category. Like in rule cat5) we can just write

set or annotate a chunk of a text with <#> . We can also provide a noun expressionN
as parameter (rule cat6)) and the set category inherits all characters ofN . E.g. we can
write set(triangle ) to specify a set where all elements have the characters of a triangle.

N o Annotation ann Description R (ann ) Abstract Syntax

cat5) <#>text set category set set

cat6) <#> N set category set(R
�

N
�

) set(U)

Table 2.7.: TSa and CGa rules for set categories

Term categories

In contrast to a noun which describes a class of objects, a term represents one single
mathematical object { an instance of a given noun. And we havealready seen that also
each element of a set is a term. So if we have the noun 'triangle' one concrete triangletr 1
is a term. Also an element of the setf 1; 2; 3; 4g is a term.

Like before we have two possibilities of writing a term category. We can just write term
or annotating <#> like in rule cat7) or we can provide a noun expressionN (rule cat8)).
If such a noun expression is provided, the current term category inherits all characters of
N . Thus instead of e.g. tr 1 : triangle one could also writetr 1 : term(triangle ). In both
cases the result is the same:tr 1 is declared as a term with all characters of 'triangle'.

N o Annotation ann Description R (ann ) Abstract Syntax

cat7) <#>text term category term term

cat8) <#> N term category term(R
�

N
�

) term(U)

Table 2.8.: TSa and CGa rules for term categories

Statement categories

A statement is a mathematical construct which is either true or false. E.g. a predicate
where all parameters are �lled with concrete values, is a statement. For a historical
background, the statements in MathLang are comparable withthe propositional functions
in the Principia Mathematica ([27]).

A statement cannot have any characters, therefore we have only one way (rule cat9)) of

writing a statement category: stat. The corresponding annotation is <#> .

N o Annotation ann Description R (ann ) Abstract Syntax

cat9) <#>text statement category stat stat

Table 2.9.: TSa and CGa rules for adjective categories
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Declaration categories

A declaration introduces new identi�ers by providing their categories and the categories of
the identi�er's parameters. We have special declaration expressionsDEC on the expres-
sion level which we must distinguish from declaration categories. The di�erent declaration
categories cannot be on the right hand side of a declaration.Therefore we also do not have
declaration identi�ers. Declaration categories can only be the categories of parameters of
identi�ers. This is the MathLang way of expressing binders. A binder introduces a local
variable which is bound within this binder. E.g. 8a or 9a introduce a as the bound vari-
able. In WTT there was a special group of identi�ers for binders, but MathLang follows
another approach. Since the parameter of an identi�er can bedeclared as a declaration,
we can use this for the local (bound) variable.

E.g. we can declare the8 binder with forall (dec(term); stat) : stat. We have not
yet looked at declarations, but we want to explain this example brie
y. We declare the
identi�er 'forall' as a statement (right hand side of the ':' ) since a quanti�ed proposition
is (after providing all parameters) always true or false. We have two parameters, one
declaration of a term and one statement. The declaration of the term introduces the
local variable and the statement is the quanti�ed proposition. After declaring the forall
quanti�er this way, we could use it e.g. with forall (a : term; P (a)) where P is declared
as P(term) : stat.

Another useful example is a set of sets. We have already seen,that in MathLang each
element of a set is a term. So we need another way to express a set of sets. We can do this
by introducing a set constructor which works like the intensional de�nition of sets f x j :::g.
We can de�ne this constructor with Set(dec(set); stat) : set. The result of this constructor
is a new set, and the elements of this set are again sets since the �rst parameter is a set
declaration. We can then use this constructor with e.g. Set(a : set; in (1; a)). This is the
set of all sets which contain '1' (wherein (term; set) : stat is the 2 relation).

We have �ve di�erent categories that can be declared,term; set; noun; adj; stat. These are
the same categories where there are corresponding identi�ers I T ; I S ; I N ; I A ; I P . There-
fore we have �ve di�erent declaration categories (rules cat10) - cat14)). Each of these
has to be provided with one parameter { the corresponding category that should be de-
clared. If we want e.g. quantify over triangles, we can introduce a forall quanti�er with
forall (dec(term(triangle )) ; stat) : stat. The �rst parameter is the declaration of a term
with all the characters of a triangle { and therefore a triangle.

N o Annotation ann Description R (ann ) Abstract Syntax

cat10) <#> <#>c term declaration category dec(R
�

<#>c
�

) dec(T )

cat11) <#> <#>c set declaration category dec(R
�

<#>c
�

) dec(S)

cat12) <#> <#>c noun declaration category dec(R
�

<#>c
�

) dec(N )

cat13) <#> <#>c adjective declaration category dec(R
�

<#>c
�

) dec(A )

cat14) <#> <#>c statement declaration category dec(R
�

<#>c
�

) dec(P )

Table 2.10.: TSa and CGa rules for declaration categories

2.2.3. Expression level

Let us recapitulate the abstract syntax for expressions from table 2.1.
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expressions E ::= DEC j INST j DSC j REF j SEL e

declaration expressions DEC ::= I T (
������!
C j S j U) : [T j S j U] D

j I S(
������!
C j S j U) : S

j I N (
������!
C j S j U) : N

j I A (
������!
C j S j U) : A

j I P (
������!
C j S j U) : P

instantiation expressions INST ::= I (
�!
E ) j T:I (

�!
E ) In

description expressions DSC ::= Nounf S g j Adj(U)f S g Dd
re�nement expressions REF ::= A [T j S j U j A] Re
self SEL ::= self Se

We have �ve di�erent syntactic elements to treat: declarati on expressionsDEC , instanti-
ation expressionsINST , description expressionsDSC , re�nement expressionsREF and
the self expressionSEL .

Declarations

We have already looked at declarations in section 2.2.2 whenwe talked about declaration
categories. A declaration introduces new identi�ers. Since we have �ve di�erent identi�ers
for terms, sets, nouns, adjectives and statements, we have �ve di�erent declarations: term
declarations, set declarations, noun declarations, adjective declarations and statement
declarations. The basic shape of a declaration is the same inall cases: First we provide
the new identi�er id which should be introduced. Then follows a (possible empty)list
of parameters p1; :::; pn for this identi�er. For each parameter we have to provide its
category. At the end we have to provide the categoryc of the new identi�er. The shape of
a declaration isid(p1; :::; pn ) : c. If the parameter list is empty we can omit the parentheses.

E.g. we can de�ne the set union asunion (set; set) : set. The new identi�er id is 'union'.
It has two parameters p1 of the category set and p2 of the category set. The category
c of 'union' is set (since the union of two sets is a set again). We already saw another
example, the 'element of' relation: in (term; set) : stat. The new identi�er is 'in', we have
two parameters p1 of the category term and p2 of the category set. The category c of 'in'
is stat (since it is either true or false that a term is element of a set).

We have already explained, that sets and nouns can be used as substitutes for categories.
This means for each parameter we have either a category, a setor a noun { thus I (

������!
C j S j U)

at the left side of a declaration. This also explains the three di�erent declarations for a
term: a term can be declared by 1) stating that its category isterm, 2) declaring it as an
element of a set, 3) declaring it as an instance of a noun. Therefore we have at the right
hand side of a term either a categoryC, a set expressionS or a noun expressionU.

When annotating a chunk of text as declaration the outermostannotation must have the
linguistic role dec <> . We do not need to provide an interpretation for a declaration (since
declarations do not have a name). If the new identi�er is of the form id(p1; :::; p2) : c where
c is a category (and therefore the identi�er is not element of aset or instance of a noun) the

declaration annotation has one nested annotation <id> p1 ... pn . The interpretation of

this annotation is the new identi�er. The linguistic role of this annotation corresponds to
the categoryc of the identi�er. For each parameter pi we have an corresponding annotation
with the respective linguistic role for the category, noun or set of pi . If c is a set or a
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noun the declaration annotation has a second child with the linguistic role set or noun,
representing the respective set or noun expression. Table 2.11 demonstrates the possible
annotations for each declaration. Rulesdec1), dec4) - dec7) demonstrate the case thatc
is a category. Ruledec2)declares a term as an element of a set, ruledec3)declares a term
as an instance of a noun.

N o Annotation ann Description R ( ann ) Abstract Syntax

dec1) <id > p1 ... pn term declaration id ( R
�

p1

�
; :::; R

�
pn

�
) : term I T (

�����!
C j S j U) : T

dec2) <id > p1 ... pn S term declaration id ( R
�

p1

�
; :::; R

�
pn

�
) : R

�
S

�
I T (

�����!
C j S j U) : S

dec3) <id > p1 ... pn N term declaration id ( R
�

p1

�
; :::; R

�
pn

�
) : R

�
N

�
I T (

�����!
C j S j U) : U

dec4) <id > p1 ... pn set declaration id ( R
�

p1

�
; :::; R

�
pn

�
) : set I S (

�����!
C j S j U) : S

dec5) <id > p1 ... pn noun declaration id ( R
�

p1

�
; :::; R

�
pn

�
) : noun I N (

�����!
C j S j U) : N

dec6) <id > p1 ... pn adjective declaration id ( R
�

p1

�
; :::; R

�
pn

�
) : adj I A (

�����!
C j S j U) : A

dec7) <id > p1 ... pn statement declaration id ( R
�

p1

�
; :::; R

�
pn

�
) : stat I P (

�����!
C j S j U) : P

Table 2.11.: Possible Declarations

Example 2.4 (Declarations) dec1) declare addition of two terms:

ann1 = <plus> <#> <#>

with R (ann1) = plus(term; term) : term

dec2) declare 42 as element of the set 'N':

ann2 = <42> <N>

with R (ann2) = 42 : N

dec3) declare 'tr1' as instance of the noun 'triangle':

ann3 = <tr1> <triangle>

with R (ann3) = tr 1 : triangle

dec4) declare the union of sets:

ann4 = <union> <#> <#>

with R (ann4) = union (set; set) : set

dec5) declare 'triangle' as noun:

ann5 = <triangle>

with R (ann5) = triangle : noun
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dec6) declare 'equilateral' as adjective:

ann6 = <equilateral>

with R (ann6) = equilateral : adj

dec7) declare the 'element of ' relation:

ann7 = <in> <#> <#>

with R (ann7) = in (term; set) : stat

Instantiations

An instance is used to instantiate a de�ned or declared identi�er with certain values
provided as parameters. Each parameter can be instantiatedwith an arbitrary expression
e. If the identi�er 'plus' with two terms as parameters has been already declared, then
an instantiation is to call 'plus' with the two terms '3' and ' 7': plus(3; 7; ). If an identi�er
has no parameters, we can omit the empty parentheses and write e.g. 42 as instantiation
of the term '42'. Since we have �ve di�erent kinds of identi�e rs, we have �ve di�erent
kinds of instances: term instances, set instances, noun instances, adjective instances and
statement instances.

The annotation of an instantiation id(p1; :::; pn ) is <id> p1 ... pn where the linguistic

role of the outermost annotation corresponds to the linguistic role with which id was
declared or de�ned. The parameterspi are nested annotations of the outer annotation.
Table 2.12 gives an overview of the possible instantiations.

N o Annotation ann Description R (ann ) Abstract Syntax

inst1) <id > p1 ... pn term instance id (R
�

p1

�
; :::; R

�
pn

�
) I T (

�!
E )

inst2) <id > p1 ... pn set instance id (R
�

p1

�
; :::; R

�
pn

�
) I S (

�!
E )

inst3) <id > p1 ... pn noun instance id (R
�

p1

�
; :::; R

�
pn

�
) I N (

�!
E )

inst4) <id > p1 ... pn adjective instance id (R
�

p1

�
; :::; R

�
pn

�
) I A (

�!
E )

inst5) <id > p1 ... pn statement instance id (R
�

p1

�
; :::; R

�
pn

�
) I P (

�!
E )

Table 2.12.: Possible instances

Example 2.5 (Instantiations of identi�ers) We instantiate the identi�ers which we
declared in the last example.

inst1) instantiation of the addition of two terms '3' and '42':

ann1 = <plus> <3> <42>

with R (ann) = plus(3; 42)

inst2) instantiation of the unions of sets 'N' and 'M':

ann2 = <union> <N> <M>

with R (ann2) = union (N; M )
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inst3) instantiation of the noun triangle:

ann3 = <triangle>

with R (ann3) = triangle

inst4) instantiation of the addition of the adjective equilateral:

ann4 = <equilateral>

with R (ann4) = equilateral

inst5) instantiation of the statement 42 2 N :

ann5 = <in> <42> <N>

with R (ann5) = in (42; N )

There is a second kind of instantiations, referred to as character instantiations. Since a
term can be the instance of a noun and therefore inherits the characters of a noun, we
want to be able to instantiate characters of this term. E.g. if a triangle is declared with
the characters 'A', 'B' and 'C' representing the three point s of a triangle, then a term
tr 1 declared with tr 1 : triangle inherits these three characters. We want then be able to
refer to the concrete points of 'tr1'. We can do this by �rst wr iting the respective term
expressionT followed by a dot '.' and the identi�er of the character. In th is case we
could e.g. write tr 1:A, tr 1:B or tr:C . When we annotate such a character instance, we
can just provide the identi�er of T followed by a dot and the identi�er of the character as
interpretation of the annotation. As for instances we have again �ve di�erent character
instances. Table 2.13 gives an overview.

N o Annotation ann Description R ( ann ) Abstract Syntax

inst6) <T:id > p1 ... pn term character instance T:id ( R
�

p1

�
; :::; R

�
pn

�
) T:I T (

�!
E )

inst7) <T:id > p1 ... pn set character instance T:id ( R
�

p1

�
; :::; R

�
pn

�
) T:I S (

�!
E )

inst8) <T:id > p1 ... pn noun character instance T:id ( R
�

p1

�
; :::; R

�
pn

�
) T:I N (

�!
E )

inst9) <T:id > p1 ... pn adjective character instance T:id ( R
�

p1

�
; :::; R

�
pn

�
) T:I A (

�!
E )

inst10) <T:id > p1 ... pn statement character instance T:id ( R
�

p1

�
; :::; R

�
pn

�
) T:I P (

�!
E )

Table 2.13.: Possible character instantiations

Example 2.6 (Instantiation of identi�ers of characters) To instantiate the charac-
ter A of a term tr 1 declared with tr 1 : triangle where triangle has the three characters
A : term, B : term and C : term we annotate:

ann1 = <tr1.A>

with R (ann1) = tr 1:A

If we have a noun 'group' with the characterplus(term; term) : term and a term g1 declared
with g1 : group we can instantiate the character 'plus' of 'g1' with the terms '3' and '42'
by annotating:

ann2 = <g1.plus> <3> <42>

with R (ann2) = g1:plus(3; 42)
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Descriptions

Descriptions are used to construct new nouns and adjectives. The di�erence to simple
noun and adjective declarations is, that with a description we can de�ne the characters of
a noun or an adjective. A declaration can just state, that a certain identi�er is a noun or
adjective and that it inherits characters from another noun expression. This is now the
way to provide characters to a noun and to an adjective.

These characters are introduced in a step which is given as argument to a noun descrip-
tion. We will take a closer look at steps in section 2.2.5 but for the moment it is just
important, that we can combine e.g. several declarations orstatements in one step. If we
want to write the description of a noun with three characters 'A','B' and 'C' all declared
as terms, we can writeNounf A : term; B : term; C : termg. We see that this is just the
description of a noun, if we want to state, that 'triangle' is such a noun, we have to de�ne
triangle as this description with triangle := Nounf A : term; B : term; C : termg. But we
will take a closer look at de�nitions in section 2.2.4. A noun description itself is a noun
expressionU.

Similarly to the noun description we also have adjective descriptions to introduce a new
adjective and describe its interaction with its corresponding noun. An adjective description
takes two parameters: the �rst parameter has to be a noun expressionN which states
the noun with whom the adjective is interacting. The second parameter is a step which
describes how the adjective alters the characters of its corresponding noun. An adjective
description is an adjective expressionA.

The annotation of descriptions is straight forward: depending whether we have a noun
or an adjective description the outermost annotation has the linguistic role noun or adj.
An adjective description has one nested annotation of the linguistic role stepwhich de�nes
the characters. The adjective description has two nested annotations: the �rst of the
linguistic role noun which is the noun with whom the adjective interacts, the second one
of the linguistic role step which is the step where the alterations to the noun's characters
are stated.

N o Annotation ann Description R (ann ) Abstract Syntax

desc1) s noun description Nounf R
�

s
�

g Nounf S g

desc2) N s adjective description Adj(R
�

N
�

)f R
�

s
�

g Adj(U)f S g

Table 2.14.: Noun and adjective description

Example 2.7 (Descriptions) We give examples for a noun and a adjective description

desc1) De�nition of a noun 'line' with one character of the category term with the identi�er
'length':

ann11 = <line> <length>

with R (ann) = line := Nounf line : termg

desc2) De�nition of an adjective '�nite' which interacts with a nou n 'line' and assures
that the length of a line is �nite. We assume we have already declared a statement
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isF inite (term) : stat.

ann2 = <finite> <line> <isFinite> <self.length>

with R (ann2) = f inite := Adj(line )f isF inite (self:length)g

We see that in this case, the adjective does not change an existing character, but
introduces a new behaviour. We will see in the next section, what self means in this
description.

Self

In the last example we saw a statementisF inite (self:length) in the description of an
adjective. self is a pointer to the current instance of a noun. In the last example, the
adjective was described to interact with the noun 'line' and the noun 'line' was described
with the character 'length' of the category term. To express that isF inite () should use
the length of the current instance of a line, we writeself, followed by a dot and the name
of the character of the current noun we want to refer to. So if we have a line 'l1' declared
as l1 : line , self would point to l1 and the adjective '�nite' would assure, that l1:length is
�nite.

Re�nements

A re�nement is used to specialise a noun, term, set or adjective expression with an adjective
expression. The result of such a re�nement is a new noun, term, set or adjective expression
U; T; S or A. Given a noun 'triangle' and an adjective 'equilateral' one can further on write
'equilateral triangle'. This syntactic element is a new noun expression, describing a new
class of mathematical objects inheriting all characters ofthe noun 'triangle' specialised by
the characters of 'equilateral'.

Since the output of a re�nement is again an expression of the respective category, re-
�nements can be arbitrarily chained. So we can for example write chains like 'strictly
decreasing function' with the adjectives 'strictly' and 'd ecreasing' and the noun 'function'.
It is important to notice that a re�nement { in contrast to a su b re�nement (see sec-
tion 2.2.4) does not change the declaration of the respective noun, term, set or adjective
expression permanently but returns a new expression.

The linguistic role of the outermost annotation of a re�nement is dependent whether it
is a noun, term, set or adjective re�nement. The �rst nested annotation must have the
linguistic role adj and the second nested annotation must have the same linguistic role
as the outer annotation. E.g. for a term re�nement the outermost annotation has the
linguistic role term and also the second nested annotation has the linguistic role term.
This re
ects the fact, that e.g. a term re�nement results in a new term expression, a noun
re�nement in a new noun expression, etc.

Example 2.8 (Re�nements) ref1) Re�nement of the noun 'triangle' with the adjective
'isosceles':

ann1 = <isosceles> <triangle>

with R (ann1) = isosceles triangle

November 20, 2008 25



2.2. The syntactic elements of MathLang

N o Annotation ann Description R (ann ) Abstract Syntax

ref1) A N noun re�nement R
�

A
�

R
�

N
�

A U

ref2) A T term re�nement R
�

A
�

R
�

T
�

A T

ref3) A S set re�nement R
�

A
�

R
�

S
�

A S

ref4) A 1 A 2 adjective re�nement R
�

A 1

�
R

�
A 2

�
A A

Table 2.15.: Re�nement

ref2) Re�nement of the term 'tr1' (which is declared as t1 : triangle ) with the adjective
'equilateral':

ann2 = <equilateral> <tr1>

with R (ann2) = equilateral tr 1

ref3) Re�nement of the set 'integers' with the adjective 'positive':

ann3 = <positive> <integers>

with R (ann3) = positive integers

ref4) Re�nement of the adjective 'decreasing' with the adjective'strictly':

ann4 = <strictly> <decreasing>

with R (ann4) = strictly decreasing
Two possible annotations of 'strictly increasing function' (both with the same resulting
noun expressions):

1. <strictly> <increasing> <function>

2. <strictly> <increasing> <function>

2.2.4. Phrase level

At the phrase level we have two new syntactic elements: sub re�nements SUB and de�-
nitions DEF . Further each declaration expressionDEC and each statement expressionS
from the expression level are phrases. We recall the corresponding part of table 2.1 and
table 2.2. A statement expression is a statement instance orthe instance of a character of
the category statement.
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phrases P ::= SUB j DEF j P j DEC p

sub re�nement phrases SUB ::= [ I T j I S j I N j I A ] << [U j A] U
de�nition phrases DEF ::= [ I T j T:I T ](

�!
I j

�!
E ) := T F

j [I S j T:I S ](
�!
I j

�!
E ) := S

j [I N j T:I N ](
�!
I j

�!
E ) := U

j [I A j T:I A ](
�!
I j

�!
E ) := A

j [I P j T:I P ](
�!
I j

�!
E ) := P

statement expressions P ::= I P (
�!
E ) j T:I P (

�!
E ) P

Sub re�nements

A sub re�nement SUB is similar to the re�nement we have seen in section 2.2.3. We use
an adjective or noun expression to re�ne a noun, term or set identi�er. The di�erence
to a re�nement is, that we change the respective identi�er permanently. The re�nement
did not change the original syntactic element but returned a new modi�ed element. The
sub re�nement changes the original identi�er with the characters of the respective noun
or adjective expression. This could be useful e.g. if we havesentence like \let each group
from now on be Abelian". This would mean, that each time we usethe noun group, we
imply that it is Abelian. Therefore we could sub re�ne the noun identi�er 'group' with
the adjective 'Abelian' in such a document.

To annotate a sub re�nement we annotate the respective chunkof text with the linguistic
role def and the interpretation #sub. The �rst nested annotation is the identi�er which
should be sub re�ned (and therefore has the linguistic roleterm; set or noun). The second
nested annotation is the respective noun or adjective expression which sub re�ned the
identi�er (and therefore has either the linguistic role noun or adj).

N o Annotation ann Description R (ann ) Abstract Syntax

sub1) <#sub> <id > N term sub re�nement (with noun) id << R
�

N
�

I T << U

sub2) <#sub> <id > A (with adjective) id << R
�

A
�

I T << A

sub3) <#sub> <id > N set sub re�nement (with noun) id << R
�

N
�

I S << U

sub4) <#sub> <id > A (with adjective) id << R
�

A
�

I S << A

sub5) <#sub> <id > N noun sub re�nement (with noun) id << R
�

N
�

I N << U

sub6) <#sub> <id > A (with adjective) id << R
�

A
�

I N << A

Table 2.16.: Sub re�nements

Example 2.9 (Sub re�nements) sub1) Expressing thatn is a natural number:

ann1 = <#sub> <n> <naturalNumber>

with R (ann1) = n << naturalNumber

sub2) Expressing thatn is even:

ann2 = <#sub> <n> <even>
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with R (ann2) = n << even

sub3) Expressing that a setN is a class:

ann3 = <#sub> <N> <class>

with R (ann3) = N << class

sub4) Expressing that the setN is in�nite:

ann4 = <#sub> <N> <infinite>

with R (ann4) = N << inf inite

sub5) Expressing that a natural number is an integer from now on:

ann5 = <#sub> <naturalNumber> <integer>

with R (ann5) = naturalNumber << integer

sub6) Expressing that the noun 'group' implies 'Abelian' from now on:

ann6 = <#sub> <group> <Abelian>

with R (ann6) = group << Abelian
Although we only use simple noun and adjective instances as sub re�ner, there can be an
arbitrary noun or adjective expressions, e.g. noun or adjective descriptions or re�nements.

De�nitions

A de�nition either introduces a new identi�er by providing i ts de�nition in terms of other
already de�ned or declared identi�ers or it de�nes an identi �er which is already declared.
The subset relation e.g. could be de�ned likeA � B := 8x; x 2 A =) x 2 B . This could
be written in CGa like this:

subset(A; B ) := forall (x : term; implication (in (x; A ); in (x; B )))

Here a new identi�er 'subset' is introduced using (already de�ned or declared) identi�ers
'forall', 'in' and 'implication'. De�nitions by cases are a lso supported, e.g. for de�ning
recursive functions.

The outermost annotation of a de�nition has the linguistic r ole def. We do not need to
provide an interpretation for standard de�nitions. For de� nition by cases, the interpreta-
tion must be # <#> . Each de�nition annotation has two nested annotations which must
have the same linguistic role { depending whether it is a termde�nition, set de�nition,
noun de�nitions, adjective de�nition or a statement de�nit ion. The interpretation of the
�rst nested annotation is the name of the de�ned identi�er. T he nested annotations of
this annotation are the parameters of the identi�er. The second nested annotation of the
de�nition annotation is the respective term, set, noun, adjective or statement expression.
In the case of a de�nition by case the parameters are expressions too, in the case of a
standard de�nition the parameters are identi�ers. Table 2. 17 provides an overview of the
possible de�nitions.
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N o Annotation ann Description R ( ann ) Abstract Syntax

def1) <> <id > <id 1 > ... <id n > T term de�nition id ( id 1 ; :::; id n ) := R
�

T
�

I T (
�!
I ) := T

def2) <#> <id > e1 ... en T (by case) id ( R
�

e1

�
; :::; R

�
en

�
) := R

�
T

�
I T (

�!
E ) := T

def3) <> <id > <id 1 > ... <id n > S set de�nition id ( id 1 ; :::; id n ) := R
�

S
�

I S (
�!
I ) := S

def4) <#> <id > e1 ... en S (by case) id ( R
�

e1

�
; :::; R

�
en

�
) := R

�
S

�
I S (

�!
E ) := S

def5) <> <id > <id 1 > ... <id n > N noun de�nition id ( id 1 ; :::; id n ) := R
�

N
�

I N (
�!
I ) := U

def6) <#> <id > e1 ... en N (by case) id ( R
�

e1

�
; :::; R

�
en

�
) := R

�
N

�
I N (

�!
E ) := U

def7) <> <id > <id 1 > ... <id n > A adjective de�nition id ( id 1 ; :::; id n ) := R
�

A
�

I A (
�!
I ) := A

def8) <#> <id > e1 ... en A (by case) id ( R
�

e1

�
; :::; R

�
en

�
) := R

�
A

�
I A (

�!
E ) := A

def9) <> <id > <id 1 > ... <id n > P statement de�nition id ( id 1 ; :::; id n ) := R
�

P
�

I P (
�!
I ) := P

def10) <#> <id > e1 ... en P (by case) id ( R
�

e1

�
; :::; R

�
en

�
) := R

�
P

�
I P (

�!
E ) := P

Table 2.17.: De�nitions

Instead of an identi�er it is also possible to de�ne the character with the identi�er id
of a term expressionT. Like seen before, then we have to provide the interpretation T:id.
Everything else stays unchanged. We will not introduce separate rules for these de�nitions
since they are so close to the ones given below.

Example 2.10 (De�nitions) def1) De�nition of a function 'plus5' adding 5 to a given
number n:

ann1 = <plus5> <n> <plus> <n> <5>

with R (ann1) = plus5(n) := plus(n; 5)

def3) De�nition of the set union (assuming we have a set constructor like described above
with Set(dec(term); stat) : set):

ann2 = <union> <A> <B> <Set> <x> <or> <in> <x> <A> <in> <x> <B>

with R (ann2) = union (A; B ) := Set(x : term; or(in (x; A ); in (x; B )))

def5) De�nition of a noun 'line':

ann3 = <line> <term>

with R (ann3) = line := Nounf length : termg
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def7) De�nition of an adjective '�nite":

ann4 = <finite> <line> <isFinite> <self.length>

with R (ann4) = f inite := Adj(line )f isF inite (self:length)g

def9) De�nition of the exclusive or:

ann5 = <xor> <A> <B> <or> <and> <A> <not> <B> <and> <not> <A> <B>

with R (ann5) = xor (A; B ) := or(and(A; not (B )) ; and(not(A); B ))
We want also to state one de�nition by cases as example for rule def2) { the function
yielding the Fibonacci numbers:

<#> <fib> <0> <1>

<#> <fib> <1> <1>

<#> <fib> <n> <> <plus> <fib> <minus> <n> <1> <fib> <minus> <n> <2>

with the representation:
f ib (0) = 1
f ib (1) = 1
f ib (n) = plus(f ib (minus (n; 1)); f ib (minus (n; 2)))

2.2.5. Step level

At the step level we introduce local scoping stepsLOC and block stepsBLO . Further-
more each phrasep is a basic step. We recall the relevant part of table 2.1:

steps S ::= LOC j BLO j P s

local scoping steps LOC ::= S B S L
block steps BLO ::= f

�!
S g B

Local Scopings

A local scoping stepLOC introduces local identi�ers, declarations, de�nitions or state-
ments within a step. This is often used in mathematical textse.g. in proofs when we read
sentences like 'Let us assume thatx is positive'. This does not mean that x should be
positive for the whole document, but just within the current step of the proof. Therefore
we have a syntactic element called context. A context can be used anywhere in a step. If
there are more than one contexts, all contexts are gathered to one big context of this step.
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The annotation of a context has the linguistic role context. Contexts can only be nested
within annotations with the linguistic role step. A context has one nested annotation
with the linguistic role step. Each identi�er which is introduced (declared, de�ned or sub
re�ned) within a context is only visible within its surround ing step.

N o Annotation ann Description R ( ann ) Abstract Syntax

cont1) cn 1 ... cn n s local scoping f R
�

cn 1

�
; ::: ; R

�
cn n

�
g B R

�
s

�
S B S

Table 2.18.: Local scoping

Example 2.11 (Local Scoping) Let us assume a proposition 'prop2' holds forx because
we assumed, that 'prop1' holds forx.

ann = <> <> <prop1> <x> <prop2> <x>

Since we only assume locally thatprop1(x) holds, we annotate this as context of the sur-
rounding step.

R (ann) = prop1(x) B prop2(x)

Blocks

A block step BLO contains an arbitrary number n of steps si . This means a block can
contain other basic steps, local scoping steps and block steps.

A block is annotated with the linguistic role step. All its nested annotations must
have the linguistic roles step (for other block steps and local scoping steps),def (for
de�nition phrases and sub re�nement phrases), dec (for declaration expressions) orstat
(for statement expressions).

N o Annotation ann Description R (ann ) Abstract Syntax

block1) s1 ... sn block f R
�

s1

�
; :::; R

�
sn

�
g f

�!
S g

Table 2.19.: Block

Example 2.12 (Block) A block can be used e.g. to group several declarations in a text.
In this example we have two declarations: 'A' is a set and '42'is a natural number.

ann = <A> <42> <natNum>

with R (ann) = f A : set; 42 : natNum g.

2.3. The type system

The type system of MathLang has been completely rewritten inthe last year by the author
of this report. The original typing rules presented in [23] based on the idea of having no
environments but each step can serve as a context for a typingjudgement. But this
approach was not satisfying in the practical implementation of the rules. So the typing
judgements were changed in a way of building an environment for identi�ers and syntactic
elements of CGa. This section shows the new typing rules. Thenew rules preserve the
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typability. This means every document that was well typed with the old rules is still well
typed with the new rules.

After the rewriting of the typing rules improvements of the t ype system in combination
with the DRa were performed. These improvements will not be subject of this chapter
but will be shown in the next chapter.

2.3.1. Foundation

De�nition 2.7 (Types of CGa) Each declared or de�ned identi�er id has an assigned
type T and each valid syntactic element has an atomic typeA . To deal with characters,
we introduce type mappingsM from I ! T (i.e. each character identi�er gets a type).
E.g. the atomic type Noun (m) has a mappingm as parameter. m maps each character
identi�er of this noun to its assigned type.

meta variable
A ::= Term (M ) j Set(M ) j Noun (M ) j Adj (M ; M ) j Stat a

j Dec (T ) j Def (T ) j Sub (T ) j Step j Categ (A )
T ::= (

�!
A ) ! A t

M ::=
���!
(i; T ) m

The atomic types Term (m); Set (m); Noun (m) and Adj (m; m) are parametrised with
mappingsm. The atomic types Dec (t); Def (t) and Sub (t) are parametrised with types t.
t is the type of the identi�er id that the respective declaration, de�nition or sub re�nement
is introducing / re�ning. The atomic type Categ (a) is parametrised with an atomic type
a representing the category which its associated with.

De�nition 2.8 (Environments) We have three distinct environments, one for de�ned
identi�ers � def , one for declared identi�ers � dec, and one for the syntactic elementsel
of the language� . We also introduce a combined environment� for both declared and
de�ned identi�ers. Formal:

� dec ::= f
����!
(id; T )g

� def ::= f
����!
(id; T )g

� ::= � dec [ � def

� ::= f
����!
(el; A )g

Notation 2.1 We can write just id 2 � dec=� def =� =� as a shortcut for (id; a) 2 � dec=� def =� =� .

De�nition 2.9 (Global and local union) We distinguish between a global ([ ) and a
local (t ) union of environments. The global union� [ � 0 adds the tuples of� 0 permanently
to � whereas� t � 0 adds the tuples of� 0 to � only for the current typing judgement and
deletes them afterwards.

Subtyping

We want to introduce subtyping to allow a more 
exible type sy stem. If a 'triangle' is
already de�ned, we expect that we can e.g. substitute 'triangle' with 'equilateral triangle'
without getting any type errors (because 'equilateral triangle' is a subtype of 'triangle').
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De�nition 2.10 (Merging of mappings) Two type mappings m1; m2 can be merged
with m1 ] m2 : M ! M ! M where preference is given to the mappings inm1 (which
means if there are two mappings for the same identi�erid: m1(id); m2(id), then m1(id)
is in the merged mapping).

m1 ] m2 = m1 [ f (id; m 2(id)) j id 2 dom(m2) and id 62dom(m1)g

where dom(f ) stands for the domain of function f .

We can no de�ne subtyping relations between atomic types _4 2 (A ; A ), between types
4 2 (T ; T ) and between type mappings4 2 (M ; M ).

Term (m1) _4 Term (m2) if m1 4 m2

Set(m1) _4 Set (m2) if m1 4 m2

Noun (m1) _4 Noun (m2) if m1 4 m2

Adj (m1; m0
1) _4 Adj (m2; m0

2) if m0
1 4 m0

2 and m2 4 m1

Stat _4 Stat
Dec (t1) _4 Dec (t2) if t1 4 t2

Def (t1) _4 Def (t2) if t1 4 t2

Sub(t1) _4 Sub (t2) if t1 4 t2

Step _4 Step
v1 _4 v2

Categ (a1) _4 Categ (a2) if a1 _4 a2

t1 4 t2 if t1 = ( a1; :::; an ) ! a, t2 = ( a0
1; :::; a0

n ) ! a0,
a _4 a0 and 8j 2 f 1::ng; (aj _4 a0

j )

m1 4 m2 if 8i 2 dom(m1):(m1(i ) 4 m2(i ))

Functions

We de�ne some functions for steps. According to the syntax ofa step S (with expanded
P ) we have to inspect the following syntactic elements:

LOC Local scoping
BLO Block
P Statement expression
D Declaration expression
DEF De�nition
SUB Sub re�nement

De�nition 2.11 (Declared identi�ers) dI (s) yields the set of identi�ers declared in
one step.
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dI (s1 B s2) = dI (s2)
dI (f s1; :::; sn g) =

S
i 2f 1::ng dI (si )

dI (P) = ;
dI (D ) = dI dec(D )
dI (F ) = ;
dI (U) = ;

dI dec(D t ) = dI dec(i (
������!
c j S j N ) : (ct j S j N )) = f ig

dI dec(D s) = dI dec(i (
������!
c j S j N ) : cs) = f ig

dI dec(D n ) = dI dec(i (
������!
c j S j N ) : cn ) = f ig

dI dec(D a) = dI dec(i (
������!
c j S j N ) : ca) = f ig

dI dec(D p) = dI dec(i (
������!
c j S j N ) : cp) = f ig

De�nition 2.12 (De�ned identi�ers) DI (step) yields the set of identi�ers de�ned in
one step.

DI (s1 B s2) = DI (s2)
DI (f s1; :::; sn g) =

S
i 2f 1::ng DI (si )

DI (P) = ;
DI (D ) = ;
DI (F ) = DI def (F )
DI (U) = ;

DI def (F t ) = DI def (i (�! c j �! e ) := T) = f ig
DI def (F s) = DI def (i (�! c j �! e ) := S) = f ig
DI def (F n ) = DI def (i (�! c j �! e ) := N ) = f ig
DI def (F a) = DI def (i (�! c j �! e ) := A) = f ig
DI def (F p) = DI def (i (�! c j �! e ) := P) = f ig

De�nition 2.13 (Introduced identi�ers) The function I (s) is de�ned as returning
both, dI (s) and DI (s):

I (s) = dI (s) [ DI (s)

2.3.2. The typing judgements

For a typing judgement we have:

typing context ` syntactic element :: type judgement

where the typing context can be � dec, � def , � or �.

Notation 2.2 We combine two or more cases, distinguished by the slash=. E.g.

x :: A=B

` y :: C=D

is an abbreviation for the two typing rules

x :: A

` y :: C and

x :: B

` y :: D .

If we have a typing judgement of the form

x :: A

` y :: B ` z :: C
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this is an abbreviation for the two rules

x :: A

` y :: B and

x :: A

` z :: C

Sometimes we need this abbreviation since we have two environments and e.g. for a
de�nition we have to add that the atomic type of the syntactic element isDef (t) and at
the same time that the type of the de�ned identi�er is t. So we have to change both the
identi�er environment � and the environment for the syntact ic elements �.

Basic typing judgements

The basic typing judgments allow us to type an identi�er whic h is in the environment (id-
basic ), the identi�er of a character which is in the mapping of an existing term expression
T (char-basic ) or a typing for a syntactic element of the languagec (elem-basic ).

(id; t ) 2 �

� ` id :: t
id-basic

� ` e :: Term (m) id 2 dom(m)

� ` e:id :: m(id)
char-basic

(el; a) 2 �

� ` el :: a
elem-basic

Typing on the category level

The typing rules for the category level are a straight forward implementation of the rules
cat1) - cat14). The only important check is, that the provided argument has the atomic
type Noun (). The mappings of the noun are copied to the new category (like described
above).

� ` N :: Noun (m)

� ` term(N ) :: Categ (Term (m))
cat-term

� ` N :: Noun (m)

� ` set(N ) :: Categ (Set (m))
cat-set

� ` N :: Noun (m)

� ` noun(N ) :: Categ (Noun (m))
cat-noun

� ` N1 :: Noun (m1) � ` N2 :: Noun (m2) m1 4 m2

� ` adj(N1; N2) :: Categ (Adj (m1; m2))
cat-adj

� ` stat :: Categ (Stat ) cat-stat

� ` c :: Categ (a)

� ` dec(c) :: Categ (Dec (() ! a))
cat-dec
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Typing on the expression level

The �rst rule types syntactic elements after rules inst1) - inst5). The identi�er id used
in the instance must be already declared or de�ned and thusid 2 �. The atomic type
parametersa1; :::; an must be subtypes of the atomic types of the expressionse1 - en which
are used to instantiate the parameters of the identi�er. Since an expression can also be
the declaration of a new identi�er, we build this environment iterative from 1 to n.

� ` id :: (a1; :::; an ) ! a 8j :1::n

0

@� t
[

k=1 ::j � 1

f (ek ; ak )g ` ej :: a0
j

1

A

(a1; :::; an ) ! a 4 (a0
1; :::; a0

n ) ! a

� ` id(e1; :::; en ) :: a
exp-inst

The next rule is for character instances (ruleinst6) - inst10)). It is very similar to the
standard instances, but this time we do not type the identi�e r id from the environment
but from the mapping m of the respective term expressionT of the character.

� ` T :: Term (m) ( id; (a1; :::; an ) ! a) 2 m

8j :1::n

0

@� t
[

k=1 ::j � 1

f (ek ; ak )g ` ej :: a0
j

1

A

(a1; :::; an ) ! a 4 (a0
1; :::; a0

n ) ! a

� ` T:id(e1; :::; en ) :: a
exp-cinst

Typing a noun description after rule desc1)works in two steps. First it is veri�ed, that
the step s0 provided in the argument of the noun description has the atomic type Step .
Then each identi�er declared or de�ned within this step is added with its corresponding
type to the mapping m of this noun. Since we can use the special expressionself within
this step, we add it with its atomic type Term () manually to the current environment �.

� t f (self; Term ()) g ` s0 :: Step
8id2 I (s0) (� t f (self; Term ()) g ` id :: m(id))

� ` Nounf s0g :: Noun (m)
exp-noun-desc

For checking an adjective description after ruledesc2)we proceed very similar to the
last rule. But this time we have also to verify, that the provi ded noun expressionN is
well typed. The special expressionself has not longer just the type Term () but inherits
the mapping m1 from the corresponding nounN becauseself does refer to an instance of
this noun.

� ` N :: Noun (m1) � t f (self; Term (m1))g ` s0 :: Step
8id2 I (s0) (� t f (self; Term (m1))g ` id :: m2(id))

� ` Adj(N )f s0g :: Adj (m1; m2)
exp-adj-desc

We have one rule for the re�nement of a term, set or noun (rulesref1) - ref3)) with an
adjective. First we check that the adjective expressionA is well typed and derive its two
mappings m1 and m2. We also check, that the a�ected term, set or noun is well typed
and derive its mapping m. Then we check that the subtyping conditions hold for all the
mappings.
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� ` A :: Adj (m1; m2)
� ` e :: Term (m)=Set (m)=Noun (m) m1 4 m

8id2 (dom(m2 )ndom(m1 )) \ dom(m)m(id) 4 m2(id)

� ` A e :: Term (m2 ] m)=Set (m2 ] m)=Noun (m2 ] m)
exp-ref

The rule for re�ning an adjective with an adjective (rule ref4)) is very similar to the
upper one, but the subtyping condition is more complex.

� ` A1 :: Adj (m1; m0
1) � ` A2 :: Adj (m2; m0

2) m1 4 m0
2

8id2 (dom(m0
1 )ndom(m1 )) \ (dom(m0

2 )ndom(m2 )) m0
2(id) 4 m0

1(id)

� ` A1 A2 :: Adj (m2; m0
2 ] m0

1)
exp-adj-ref

For a declaration (rules dec1) - dec7)) we have two di�erent cases: each parametercei

can be either a category or an expression (set- or noun expression). We distinguish these
cases by checking, if the respective parameter is a categoryc which is the casecei = ci

or an expression, which is the casecei = ei . If it is an expression we have to check, that
it is either a well typed set or noun expression. For each category we get its respective
atomic type. In both cases we have to assure thatid is not already de�ned or declared and
thus is not element of �. We add two typings to our environment s: The whole syntactic
element has the atomic typeDec () with its respective type as parameter. And we add
the declaration of the identi�er id with its respective type to the environment � dec of all
declared identi�ers.

id =2 � 8j 2f 1::ngif cej = cj then � ` cj :: Categ (aj )
8j 2f 1::ngif cej = ej then � ` ej :: Noun (mj )=Set (mj ) and aj = Term (mj )

if ce= c then � ` c :: Categ (a)
if ce= e then � ` e :: Noun (m)=Set (m) and a = Term (m)

� ` id(ce1; :::; cen ) : ce :: Dec ((a1; :::; an ) ! a)
� dec ` id :: (a1; :::; an ) ! a

exp-dec

Typing on the phrase level

The following typing rule checks if a sub re�nement of a term, set or noun identi�er with a
noun expression is valid (rulessub1), sub3)and sub5)). Therefore the respective identi�er
has to be already de�ned or declared (and thus be in �), the noun expression has to be well
typed and some subtyping relations have to hold. Depending if the identi�er was declared
or de�ned we change its declaration/de�nition in the respective environment � dec or � def .

� ` id :: Term (m1)=Set (m1)=Noun (m1)
� ` N :: Noun (m2) 8id 02 dom(m1 )\ dom(m2 )m1(id0) 4 m2(id0)

� ` id << N :: Sub (Term (m1 ] m2)=Sub (Set (m1 ] m2))=Sub (Noun (m1 ] m2)))
� dec ` id :: Term (m1 ] m2)=Set (m1 ] m2)Noun (m1 ] m2) or

� def ` id :: Term (m1 ] m2)=Set (m1 ] m2)Noun (m1 ] m2)

phr-sub-noun

The rule phr-sub-adj checks the typing of a sub re�nement of a term, set or noun iden-
ti�er with an adjective (rules sub2), sub4) and sub6)). It is very similar to the above rule
phr-sub-noun . The only di�erence is, that we do not check for a valid noun expression
but a valid adjective expression and that the subtyping condition is changed slightly.
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� ` id :: Term (m1)=Set (m1)=Noun (m1)
� ` A :: Adj (m2; m0

2) 8id 02 dom(m1 )\ dom(m0
2 )m1(id0) 4 m0

2(id0)

� ` id << A :: Sub (Term (m1 ] m0
2)=Sub (Set (m1 ] m0

2))=Sub (Noun (m1 ] m0
2)))

� dec ` id :: Term (m1 ] m0
2)=Set (m1 ] m0

2)Noun (m1 ] m0
2) or

� def ` id :: Term (m1 ] m0
2)=Set (m1 ] m0

2)Noun (m1 ] m0
2)

phr-sub-adj

To check a de�nition of a term, set, noun, adjective or statement identi�er (rules def1),
def3), def5), def7), def9)) we use the following rulephr-def . First it is checked, that id
is not already de�ned. If it is declared, the type of the declared and the newly de�ned
identi�er must be the same. Otherwise we assure that each identi�er used in the de�nition
is unique (to avoid formulations like f (a; a) = :::) and derive the type for each identi�er.
The output type is derived by checking the atomic type of the term, set, noun, adjective or
statement expression on the right hand side of the de�nition. The whole syntactic element
is added as a de�nition with the respective atomic type to the environment � and the
identi�er with its type is added to the environment � def of de�ned identi�ers.

id =2 � def 8j;k 2f 1::ngj 6= k ) id j 6= idk 8j 2f 1::ng� ` id j :: () ! aj

� ` e :: a if id 2 � dec then � dec ` id :: (a1; :::; an ) ! a

� ` id(id1; :::; idn ) := e :: Def ((a1; :::; an ) ! a)
� def ` i :: (a1; :::; an ) ! a

phr-def

The last rule on the phrase level checks a de�nition by case (rules def2), def4), def6),
def8) and def10)). If the identi�er is already declared or de�ned (with anoth er case) the
types have to be the same. Otherwise we derive the types of theparameters by checking
the respective expressions. The output type is again the atomic type of the expression on
the right hand side of the de�nition.

if id 2 � then � ` id :: (a1; :::; an ) ! a
8j 2f 1::ng� ` ej :: aj � ` e :: a

� ` id(e1; :::; en ) := e :: Def ((a1; :::; an ) ! a)
if id =2 � def then � def ` id :: (a1; :::; an ) ! a

phr-def-case

Typing on the step level

A basic step can be a statement expression, a declaration expression , a de�nition phrase
or a sub re�nement phrase. These syntactic elements can be typed as a step with the help
of the following rule.

� ` p :: Stat =Dec (t)=Def (t)=Sub (t)

� ` p :: Step
step-basic

Also the empty step is a valid step. This allows e.g. to write anew noun with no
characters by just providing the empty step as argument to the noun description.

` fg :: Step step-empty

For a local scoping (rulecont1)) �rst the context s1 of the local scoping is type checked
and its resulting environment is locally unioned with the context � (this means that not
only the pair ( s1; Step ) is added to the context, but also all constructs within this step and
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their respective types). If s2 is a valid step in this new environment, the local scoping is
valid. After this checking all syntactic elements from s1 are removed from the environment
� (since it was only a local union).

� t f (s1; Step )g ` s2 :: Step

� ` s1 B s2 :: Step
step-local-scoping

For a block of stepss1; :::; sn we check the steps from 1 ton iterative and add their
context globally to the environment �. Again this means not o nly adding the typing
Step for the respective sk but adding all constructs with their respective types withi n
these steps. If the sequence of these iterative typings is valid, the block is valid.

8j 2f 1::ng� [
[

k2f 1::j � 1g

f (sk ; Step )g ` sj :: Step

� ` f s1; :::; sn g :: Step
step-block

The declaration of the special expressionself as a term or another expression is also a
valid step. This rule can be necessary in some descriptions.

` s :: Step

� ` self : term=self : e :: Step
step-self

2.4. Special features of the TSa

To simplify the annotation of mathematical text we introduc ed the possibility of souring
([10]). Souring is the opposite of syntactic sugar. Syntactic sugar is used to transform code
into a more human-readable style. Souring is used to bring CML into a more computer
readable version. We implemented souring for three di�erent kind of tasks: changing po-
sitions of chunks of text, chaining of parts of the text and processing of lists. Therefore we
add a new linguistic role to the possible roles of annotations: souring. The corresponding

annotation is <interpretation >

De�nition 2.14 (Transformation function) The function T
�

ann
�

takes an arbi-
trary annotation with sourings. Its output is a transformed annotation ann' without
sourings. Thus the function 'de-sours' a text. If ann contains no nested annotations
with the linguistic role souring, the output is the unchanged annotation ann . This func-
tion will be de�ned in the next sections.

2.4.1. Reordering

Reordering is used if chunks of the original CML text have to be rearranged. This is often
the case e.g. if one wants to formalise a sentence like 'x +0 = x for all x' with 8x; x +0 = x.
'for all x' has to be at the �rst position of the formalised version and 'x + 0 = x' at the
second position. The nested annotation of a souring can havean arbitrary linguistic role
(and can therefore be another souring). A position souring can only have one argument.
The interpretation of the position souring annotation is th e position where the argument
should be in the text. A position must not be used twice.

Example 2.13 (Position souring) The two expressions 'n 2 N' and ' N contains n'
should both have the same internal representationin (n; N ). The �rst case can be annotated
straight forward:
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N o Annotation ann Translation T (ann )

sour-pos1) <n 1 > ann (n1 ) ... <n m > ann (nm )
T

�
ann( t1 )

�
:::T

�
ann( tm )

�

with 8i 2f 1::m g ; t i 2 f n1 ; :::; n m g
and t1 < t 2 < ::: < t m

Table 2.20.: Position souring

<in> <n>n 2 <N>N

For the second case we use position souring:

ann = <in> <2> <N>N contains <1> <n>n

Corresponding to sour-pos1)we havem = 2 with n1 = 2 , ann(n1) = <N>N , n2 = 1

and ann(n2) = <n>n . The transformation T (ann) swaps the position ofann(n1) and
ann(n2):

T (ann) = <in> <n> <N>

After the souring we haveR(T (ann)) = in (n; N ). Since all souring transformations
can be visualised as tree transformations, we will show the corresponding trees. This tree
transformation is shown in �gure 2.2.
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Figure 2.2.: Example for a position souring

2.4.2. Repetition

Repetitions are used if there are shortcuts in the CML like 'a = b = c' which is just an
abbreviation for a = b ^ b = c. Since we do not want to annotate theb twice, we can
annotate it as 'shared' which means its left and its right neighbour annotations share it.
For more complex repetitions like a = b > c = d we can also use chaining. When chaining
a chunk of text, it is �rst annotated as a 'hook'. Then we can annotate a 'loop' as often
as we want and this loop is replaced with the annotation contained in the hook.

Example 2.14 (Repetition souring) We want to demonstrate these two souring rules
with the two examples from the description from above. Firstwe want to annotate a =
b = c.
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N o Annotation ann Translation T (ann )

sour-rep1) <ann1 > p1 ... pn
<shared > s <ann2 > q1 ... qm

<ann1 > T
�

p1

�
... T

�
pn

�
T

�
s

�

<ann2 > T
�

s
�

... T
�

q1

�
T

�
qm

�

sour-rep2) <hook > h p1 ... pn
<loop > q1 ... qm

T
�

h
�

T
�

p1

�
... T

�
pn

�

T
�

h
�

T
�

q1

�
... T

�
qm

�

Table 2.21.: Repetition sourings

ann = <eq> <a>a = <shared> <b>b <eq>= <c>c

After the transformation according to rule sour-rep1)this is expanded to

T (ann) = <eq> <a> <b> <eq> <b> <c>

and the transformation is �nished (since there are no more sourings to transform). We
have R(T (ann)) = f eq(a; b); eq(b; c)g. The tree transformation can be seen in �gure 2.3.
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Figure 2.3.: Example for a simple shared souring

When we want to annotatea = b > c = d we could realise this with sharing. But if e.g.
we want the whole annotation to be one statement because it isthe argument for another
annotation, we have to use 'and's between the single statements, and therefore we cannot
use sharing anymore. So we annotate this text asa = b^ b > c ^ c = d.

ann =
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<and> <and> <eq> <a>a = <hook> <b>b <gt> <loop> > <hook> <c>c <eq> <loop> = <d>d

After the transformation we have:

T (ann) = <and> <and> <eq> <a> = <b> <gt> <b> > <c> <eq> <c> = <d>

with R(T (ann)) = and(and(eq(a; b); gt(b; c)) ; eq(c; d)) . The corresponding tree transfor-
mation can be seen in �gure 2.4.
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Figure 2.4.: Example for a chain souring

2.4.3. Processing of lists

For annotating CML texts the author has two possibilities for working with lists: Mapping
and folding. Both functions are well-known in functional programming and we imple-
mented their functionality in MathLang. With mapping the au thor can project a certain
annotation to a whole list of arguments, with folding one cantreat e.g. quanti�cation over
multiple variables.

Mapping

The mapping souring is used to project an annotation over a list of arguments. Mathe-
maticians often use mappings implicitly in sentences like 'Let a and bbe in R'. De-mapped
this means 'Let a be in R and let b be in R. We annotate the part of a text which is a
mapping with the special 'map' annotation. The part within t his mapping which is the
list of arguments is annotated as 'list'.
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N o Annotation ann Translation T ( ann )

sour-list1) <map > <ann1 > p1 ... pn p
<list > l 1 ... l n q1 ... qn q

T

0

@ <ann1 > p1 ... pn p l 1 q1 ... qn q

1

A

.

.

.

T

0

@ <ann1 > p1 ... pn p l n q1 ... qn q

1

A

Table 2.22.: Map souring

Example 2.15 (Mapping) We want to illustrate the example from the description: Let
a and b be in R.

ann = <map> <>Let <list > <a>a and <b>b be in <R>R

This is expanded to

T (ann) = <> <a> <R> <> <b> <R>

with R(T (ann)) = f a : R; b : Rg. Figure 2.5 shows how the respective tree is transformed.

�

!"#$%&'

"#$%

()*+,$,-%"&

!"#$%&'

&'(

.)$/

)
.)$/

'

!)-

*

!-)0

()*+,$,-%"& ()*+,$,-%"&

.)$/

'
.)$/

)
!)-

*
!)-

*

Figure 2.5.: Example for a map souring

November 20, 2008 43



2.4. Special features of the TSa

Folding

Folding is used to annotate a pattern, repeated for each element of a special annotated
'list' annotation. Within the fold annotation there is also a 'base' annotated part. The
pattern is now repeated for every element in the list. The �rst repetition (from the left or
from the right, dependent if we have left- or right folding) h as as base element the original
'base'-annotated chunk. From then on the last resulting pattern is the base element for
the next repetition of the pattern until the end of the list is reached. This can be very
useful e.g. in the case of combined quanti�ed variables, which have to be nested when
being extracted.

Because of its length we do not show the rulesour-list2) in a table view. For a right
folding the original annotation ann is

ann = <fold-right > <ann1 > <ann2 > p1 ... pn p
<list > l1 ... ln q1 ... qn q

<base > b

The transformation T (ann) is:

T (ann ) = <ann1 > <ann2 > p1 ... pn p l1 q1 ... qn q ... <ann1 > <ann2 > p1 ... pn p ln q1 ... qn q b

For a left folding we have the original annotation ann:

ann = <fold-left > <ann1 > <ann2 > p1 ... pn p
<list > l1 ... ln q1 ... qn q

<base > b

For the transformation T (ann) we process the list from the left and not from the right,
thus we get:

T (ann ) = <fold-left > <ann1 > <ann2 > p1 ... pn p
<list > ln ... l1 q1 ... qn q

<base > b

Example 2.16 (Folding) We want to annotate the following (nonsense) sentence 'for
all a; b in R, a = b.

ann = <fold-right > <forall> for all <> <list > <a>a , <b>b in <R>R <base> <eq> <a>a = <b>b

We cannot use a mapping in this situation because the result must nest the quanti�ers and
not just chain them. So we use a right folding. After the transformation we get

T (ann) = <forall> <> <a> <R> <forall> <> <b> <R> <eq> <a> <b>

with R (T (ann)) = forall (a : R; forall (b : R; eq(a; b))) and the tree transformation as
shown in �gure 2.6.
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Figure 2.6.: Example for a folding souring
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3. DRa - the rhetorical structure of a text

DRa - the document rhetorical aspect - is the third aspect that was developed for Math-
Lang. This aspect was mainly developed by Kamareddine, Wells and Retel and imple-
mented by Retel. This aspect was �rst described in [12, 11].

3.1. The idea of DRa

With CGa and TSa the author can annotate mathematical meanings on the word and on
the phrase level. But there is no possibility for annotating relations between larger chunks
of text, e.g. that one part of a text is the proof of another part, or that a certain part is
e.g. a chapter of a book. DRa provides the tools and methods for annotating these roles
of parts of the text and relations between them.

We distinguish between mathematical roles like 'theorem', 'proof', 'lemma', 'proposi-
tion', etc. and structural roles like 'book, 'chapter', 'section', etc. We can annotate
arbitrary chunks of the text with these roles on the step level. This means each DRa
annotation is a step in terms of CGa. Relations between theseparts can be represented as
triples (according to the RDF syntax [4]) in the form of ( subject; uses; object). Examples
for relations are 'justi�es', 'uses', 'caseOf', etc. Role annotations can also be represented
as triples of the form (text; hasMathematicalRhetoricalRole; role) for mathematical roles or
(text; hasStructuralRhetoricalRole; role) for structural roles.

Figure 3.1 gives an example (taken from [11] and implementedby Retel) where the
mathematician has identi�ed parts of the text (indicated by letters A through I in the
�gure). Table 3.1 shows the identi�ed RDF triples.

(A ; hasMathematicalRhetoricalRole; lemma) ( B ; justi�es ; A )
(E ; hasMathematicalRhetoricalRole; de�nition ) ( D ; justi�es ; C)
(F ; hasMathematicalRhetoricalRole; claim) ( D ; uses; A)
(G; hasMathematicalRhetoricalRole; proof) ( G; uses; E )
(B ; hasMathematicalRhetoricalRole; proof) ( F ; uses; E )
(H ; hasMathematicalRhetoricalRole; case) ( H ; uses; E )
(I ; hasMathematicalRhetoricalRole; case) ( H ; caseOf; B )
(C; hasMathematicalRhetoricalRole; corollary) ( H ; caseOf; I )
(D ; hasMathematicalRhetoricalRole; proof)

Table 3.1.: The RDF triples of the Pythagoras example

Again we can look at this DRa annotation as a directed orderedtree (and thus as an
XML document). Each annotation of a chunk of text is a single node, if there are nested
annotations, we have child nodes. In each document there is adedicated root node (the
'document' node) where each top-level DRa node is a child of this root node. For example
in �gure 3.2, we see a tree consisting of 10 nodes. The root node (labeled Document) has
four children nodes and �ve grandchildren nodes (which are all children of B).

We distinguish between proved nodes (theorem, lemma, etc.) which have a solid line in
the picture and unproved nodes (axiom, de�nition , etc.) which have a broken line. This
distinction was not in the original proposal of DRa but was introduced in [19]. Since
the user has the possibility to create its own mathematical and structural roles, we need
this information to check a DRa annotated document for validity. For example such
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3.1. The idea of DRa

Lemma 3.1

For m; n 2 N one has:
m2 = 2 n2 =) m = n = 0 A

Proof

De�ne on N the predicate:
P(m) () 9 n:m2 = 2 n2 & m > 0: E

Claim.

P(m) =) 9 m0 < m:P (m0).F

Indeed supposem2 = 2 n2 and m > 0. It follows that m2 is even, but
then m must be even, as odds square to odds. Som = 2 k and we have
2n2 = m2 = 4 k2 =) n2 = 2 k2 Since m > 0, if follows that m2 > 0,
n2 > 0 and n > 0. Therefore P(n). Moreover, m2 = n2 + n2 > n 2,
so m2 > n 2 and hencem > n . So we can takem0 = n.

G

By the claim 8m 2 N:: P(m), since there are no in�nite descending sequences of
natural numbers.

Now supposem2 = 2 n2

with m 6= 0. Then m > 0 and henceP(m). Contradiction.H

Therefore m = 0. But then also n = 0. I
�

B

Corollary 3.2
p

2 =2 QC

Proof Suppose
p

2 2 Q, i.e.
p

2 = p=q with p 2 Z; q 2 Z � f 0g: Then
p

2 = m=n
with m = jpj; n = jqj 6= 0. It follows that m2 = 2 n2. But then n = 0 by the lemma.
Contradiction shows that

p
2 =2 Q. �

D

justifies

justifies

uses

uses

justifies

uses

uses

subpartOf

subpartOf

Figure 3.1.: Wrapping/naming chunks of text and marking relationships in DRa

information would result in an error if someone tries to prove an unproved node e.g. by
proving a de�nition or an axiom. When document D2 references documentD1 it can
reference the root node of documentD1 to include all of its mathematical text.

In �gure 3.1 one can see, that there are four top-level nodes in the example: A, B, C
and D, representing respectively lemma 1, a proof of lemma 1, corollary 2 and a proof of
corollary 2. The proof of lemma 1 has �ve children: E, F, G, H, Irepresenting respectively
the de�nition of the predicate, a claim, the proof of the claim, case 1 and case 2. The
visual representation of this tree can be seen in �gure 3.2.

By traversing the tree in pre-order we derive the original linear order of the DRa nodes
of the text. Pre-order means that the traversal starts with t he root node and for each
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Figure 3.2.: Example of a tree of the DRa nodes of a document

node we �rst visit the parent node before we visit its children. It is important to mention
that we have also an order of the nodes at the same level from left to right. This means
that we enumerate the n children of a node form 1 ton and process them in this way. In
the example of �gure 3.2, the pre-order would yield the orderA, B, E, F, G, H, I, C, D.

In the next section we want to present the annotation rules for DRa and the con�guration
of mathematical or structural roles or relations.

3.2. DRa's syntax

3.2.1. Annotating DRa

The annotation of DRa is very similar to the annotation of the CGa parts of a text. Each
annotation has a unique name and a mathematical and/or structural role. The linguistic
role of such an annotation isdra. So we have 11 linguistic roles for an annotation in total:
term; set; noun; adj; stat; dec; def; context; step; souringand dra.

<structuralRole><mathematicalRole><name> CML text

If a annotation has only one role, and it is clear if the role ismathematical or structural,
we also just write

<role><name>CML text

The CML text can be a CGa annotated part of text, but in this case it has to be a chunk
of text annotated as 'step'.

<role><name> CGa step

We will refer to such a annotated chunk of text as the DRa nodename. The function
inter( ann) for an annotation ann with role( ann) = dra returns the name of the DRa
node. Relations are written in plaintext in the corresponding text:

<relation::(A, uses, B)>
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3.2.2. Con�guring DRa

The con�guration of DRa takes place in an XML �le. There we de� ne the di�erent
mathematical and structural roles and relations. The basicoutline of this �le can be seen
in the following chunk of XML code.
< mathlang >

< d r a c o n f : s t r u c t u r a l R o l e s >
< d r a c o n f : s t r u c t u r e name=" chapter " / >
.
.
.

< / d r a c o n f : s t r u c t u r a l R o l e s >

< dr acon f : ma themat i ca l Ro les >
< draconf :math name=" d e f i n i t i o n " >

< d r acon f : p r oved > f a l s e< / d r acon f : p r oved >
< / draconf :math >
.
.
.

< / d r acon f : ma themat i ca lRo les >

< d r a c o n f : r e l a t i o n s >
< d r a c o n f : r e l a t i o n name=" uses " >

< d r a c o n f : g o l p > gt< / d r a c o n f : g o l p >
< / d r a c o n f : r e l a t i o n >
.
.
.

< / d r a c o n f : r e l a t i o n s >
< /mathlang >

We distinguish three di�erent sections in the XML �le: struc tural roles, mathematical
roles and relations. For structural roles we just de�ne the name of the roles. For math-
ematical roles we also have to specify whether they are rolesfor nodes which should be
proved or not. Examples for proved nodes are 'theorem', 'lemma', 'corollary', etc. Un-
proved nodes are 'de�nition', 'axiom', 'example', etc. For relations we have to specify their
name and the textual order they imply. We will take a closer look at the textual order of
a relation in section 3.4.1. For now it is enough to know, that we have �ve di�erent tex-
tual orders: 'lt','leq','eq','geq','gt' or their graphic al representations: � ; � ; $ ; � ; � . After
con�guring the roles and relations, we can use them in the DRaannotations of a text.

3.2.3. Basic syntax checking of a DRa annotation

At the syntax level of a DRa annotated text we perform three very basic checks:

1. Check if each mathematical and rhetorical role and each relation which is used in
the text is de�ned.

2. Check that each name of a node is unique.

3. Check that for each relation source and target are valid DRa node names.

After creating the dependency graph and the graph of textualorder we can perform a
more sophisticated checking of the annotation (also on the semantical level).

3.3. The dependency graph - DG

The dependency graph DG is a directed label graph which contains all annotated DRa
nodes of a text and all the relations.
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3.3. The dependency graph - DG

3.3.1. A formal view on the DG

De�nition 3.1 (Vertex) A vertex v is a quadruple

(id; math; struct; s )

of a unique identi�er id, a mathematical role math , a structural role struct and a CGa
node s.

De�nition 3.2 (Relation edge) A relation edge r is a triple

(v1; v2; rel )

meaning it is a relation from vertex v1 to v2 with the relation name rel .

De�nition 3.3 (Dependency Graph) A dependency graph is a tuple(V; R) of a set of
labeled verticesV and a set of labeled relation edgesR.

We can now state how the annotations of a text that we have seenin section 3.2.1 are
represented internally and how they are processed for the dependency graph.

N o Annotation ann DG R (ann )

dra1) <struct ><><id > s V = V [ f (id; ; struct; s )g [node did@id R
�

s
�

]

[about did@id hasSRR@struct ]

dra2) <><math ><id > s V = V [ f (id; math; ; s)g [node did@id R
�

s
�

]

[about did@id hasMRR@math ]

dra3) <struct ><math ><id > s V = V [ f (id; math; struct; s )g [node did@id R
�

s
�

]

[about did@id hasSRR@struct ]
[about did@id hasMRR@math ]

dra4) <relation::(srcN, rel, targN)> R = R [ f (srcN; targN; rel)g [src@srcN typ@rel anc@targN ]

Table 3.2.: DRa annotation translations

3.3.2. Generation of the DG

The dependency graph is generated directly from the DRa annotated document. For
such generation, the rulesdra1) - dra4) are used. But there is one information in the
annotation which we do not cover with these rules: the 'childof' relation. Since each DRa
annotation is itself a step, we can have nested DRa annotations. The steps within a DRa
annotation can be another DRa annotation or a block of steps and therefore a step of DRa
annotations. Therefore we have a special relation calledchildOf, annotating this relation
between a child and its father. Also there is a dedicated rootvertex for each document.
Summarising this procedure we can state algorithm 1 to generate a DG out of a DRa
annotated document.

De�nition 3.4 (DRa children) The function chDRA (ann) returns the set of all DRa
children of an annotation ann:

chDRA

�
p1 ... pn

�
=

n
s

�
�
� s 2

n
p1 ; :::; pn

o
^ role

�
s

�
= dra

o
[

[

p 2
�

p1 ;:::; pn

�
^ role

�
p

�
6= dra

chDRA

�
p

�

chDRA

�
text

�
= ;
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3.4. The graph of textual order - GoTO

De�nition 3.5 (Search a vertex in the DG) The function getV ert (id; dg) takes an
identi�er id and a DG dg = ( V; R) and returns the corresponding vertex(id; math; struct; s ) 2
V with the unique DRa nameid.

getV ert (id; dg) = ( id0; math; struct; s ) 2 dg with id = id0

Vertex root := new document vertex;1

DG dg := ( R; V );2

foreach ann in the document do3

if ann = <relation::(src, rel, targ)> then4

R := R [ f (src; targ; rel )g;5

else if ann = <struct><math><id> s then6

V := V [ f (id; math; struct; s )g;7

else if ann = <struct><math><id> text then8

V := V [ f (id; math; struct; )g;9

foreach ann in the document do10

if ann = <struct><math><id> s then11

foreach DRa node c 2 chDRA (ann) do12

src := getV ert(inter( c); dg);13

targ := getV ert (id; dg);14

R := R [ f (src; targ; childOf)g;15

foreach vertex v which is not source of achildOf relation edge do16

R := R [ f (v; root; childOf)g;17

Algorithm 1 : Algorithm to generate the DG

We check each annotationann in the document. If a relation annotation is detected
(lines 4-5) the relation is added to R. If a DRa annotation is detected (lines 6-9), the
corresponding vertex is created and added toV . After creating a vertex for each DRa
annotation, we go once again through the document and createthe childOf relation edges
(lines 10-15). At the end all vertices without a father (and therefore with no outgoing
childOf relation) are made to be children of the root document node. Figure 3.3 shows
the result when we perform the algorithm with the annotation we have seen in the above
example (�gures 3.1 and 3.2).

3.4. The graph of textual order - GoTO

3.4.1. Textual order

To be able to examine the proper structure of a DRa tree we introduce the concept of
textual order between two nodes in the tree. The concept of textual order is a modi�cation
of the logical precedence presented in [12]. This concept was �rst presented and formalised
in [19]. The textual order expresses the dependencies between parts of the text and is
necessary for the generation of a proof skeleton (see the next chapter).

For example if a nodeA uses a part of a nodeB , in a more formalised version of the
text (e.g. preparation for a theorem prover), B should be written before A. Thus the
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Figure 3.3.: The DG for the Pythagoras example

textual order of A is greater than the one ofB . In order to have a formal de�nition of
textual order, we introduce some notions for DRa nodes.

Recall the de�nition of a vertex v. It is ( name; mName; sName; s). We are interested
in the nested CGa step s. This step can be built following the rules we saw in the
last chapter. Thus it is a combination of the annotations term set noun adjective

statement declaration de�nition step context .

De�nition 3.6 (Annotations of a step) The function anns (s) returns all annotations
ann within the step s. Thus

anns
�

<ann> p1 ... pn

�
=

�
<ann> p1 ... pn

�
[

[

i 2f 1::ng

anns
�

pi

�

Example 3.1 For the step defSubSet in the example in �gure 3.4 we have

anns (defSubset) = f
<A>A , <B>B , <x>x , <> <x>x ,

<in> <x>x 2 <A>A , <in> <x>x 2 <B>B ,

<subset> <A>A � <B>B ,

<impl> <in> <x>x 2 <A>A =) <in> <x>x 2 <B>B ,

<forall> <> <x>x , <impl> <in> <x>x 2 <A>A =) <in> <x>x 2 <B>B ,

<> <subset> <A>A � <B>B () <forall> <> <x>x , <impl> <in> <x>x 2 <A>A =) <in> <x>x 2 <B>B

<defSubSet> <> <subset> <A>A � <B>B () <forall> <> <x>x , <impl> <in> <x>x 2 <A>A =) <in> <x>x 2 <B>B
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g

De�nition 3.7 (First child of an annotation) For an annotation

ann = <annName > p1 ... pn

we introduce the function f irst (ann):

f irst (ann) = p1

returning the �rst child of an annotation

We introduce di�erent sets for a vertex v = ( name; mName; sName; s). All these sets
can be automatically generated from the user's CGa and TSa annotations of the document.
Table 3.3 de�nes these sets and gives examples for the CGa step defSubSet seen in �gure
3.4 which is the de�nition of the subset relation.

Figure 3.4.: CGa annotations for the de�nition of the subset relation

Set Description Example for �gure 3.4
T (v) f R (x) j x 2 anns (s) ^ role(x) = termg f xg
S (v) f R (x) j x 2 anns (s) ^ role(x) = setg f A; B g
N (v) f R (x) j x 2 anns (s) ^ role(x) = noung fg
A (v) f R (x) j x 2 anns (s) ^ role(x) = adjg fg
P (v) f R (x) j x 2 anns (s) ^ role(x) = statg f

subset(A; B ) ; in (x; A ) ;
in (x; B ) ;
impl (in (x; A ); in (x; B )) ;
forall (x : A; impl (in (x; A ); in (x; B )))

g
DC(v) f inter( f irst (x)) j x 2 anns (s) ^ role(x) = decg f xg
DF (v) f inter( f irst (x)) j c 2 anns (s) ^ role(x) = defg f subsetg
SP (v) f R (x) j x 2 anns (s) ^ role(x) = step f

subset(A; B ) :=
forall (x : A; impl (in (x; A ); in (x; B )))

g
C(v) f R (x) j x 2 anns (s) ^ role(x) = contextg fg

EN V (v) f R (x) j 9v0 6= v with v0 is a vertex in the pre-
order path from the root vertex to vertex v and
x 2 anns (v0) ^ role(x) = statg

Table 3.3.: Sets for a vertexv and examples

Note that EN V (v) is the environment of all mathematical statements that occur be-
fore the statements ofv (from the root vertex). Note furthermore that according to t he
rules of CGa, a de�nition or a declaration can only introduce a term , set , noun ,
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Figure 3.5.: Example of an annotated text and its corresponding DG

adjective, or statement. Furthermore, recall that mathematical symbols or notions

can only be introduced by de�nition or declaration and that mathematical facts can
only be introduced by a statement.

De�nition 3.8 (Introduced symbols) We de�ne the set IN (v) of introduced symbols
and facts of a vertexv as follows:

IN (v) := DF (v) [ DC (v) [ f sjs 2 P (v) ^ s 62 EN V(v)g [
[

c childOf v

IN (c)

At the heart of a context , step , de�nition , or declaration, one �nds a set of

term , set , noun , adjective, and statement.

De�nition 3.9 (Used symbols) A vertex v uses the setUSE(v) de�ned by:

USE(v) := T (v) [ S (v) [ N (v) [ A (v) [ P (v) [
[

c childOf v

USE(c)

Lemma 3.3 DF (v) [ DC (v) � T (v) [ S (v) [ N (v) [ A (v) [ P (v) for every vertex v.

Proof According to their de�nition DF (v) and DC(v) contain only the �rst children
of de�nition and declaration annotations (compare f irst (v)). The rules for annotating
declarations (dec1)- dec7)) and de�nitions ( def1) - def10)) in CGa of the last chapter state,
that these �rst children can only be of the type term, set, noun, adjectiveor statementand
are therefore in the respective setsT (v) ; S (v) ; N (v) ; A (v) or P (v). �

Lemma 3.4 IN (v) � USE (v) for every vertex v.

Proof By induction on the depth of parenthood of v. If v has no children then use lemma
3.3. Assume the property holds for all childrenc of v. By lemma 3.3 and the induction
hypothesis, we haveIN (v) � USE (v). �

Example 3.2 We demonstrate these notions with an example. Consider a part of a
mathematical text and its corresponding DG as in �gure 3.5.
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We assume the document starts with an environment which contains two statements,
<True>T rue and <False>False . Hence EN V (def1) = f T rue; Falseg. When traversing

the tree we start with the given environment for the nodedef1:

EN V (def1) = f T rue; Falseg

The environment for case1consists of the environment ofdef1 and all new statements of
def1. In def1 there is only the new statementnot which is added to the environment:

EN V (case1) = f notg [ EN V (def1)

After case1all the statements of this node are added to the environment.These are
not(T rue) and eq(not(T rue); False):

EN V (case2) = f not(T rue); eq(not(T rue); False)g [ EN V (case1)

We can proceed with the building of the environment in the same way and get the last two
environments of lem1 and pr1:

EN V (lem1) = f not(False); eq(not(False); T rue)g [ EN V (case2)

EN V (pr1) = f not(not(T rue)) ; eq(not(not(T rue)) ; T rue)g [ EN V (lem1)

With this information we derive the sets as shown in table 3.4for the single nodes.

vertex v IN (v) USE(v)
def1 f notg [ IN (Case 1) [ IN (Case 2) f notg [ USE (Case 1) [ USE (Case 2)
case1 f not(T rue); eq(not(T rue); F alse)g f T rue; F alse; not; not(T rue);

eq(not(T rue); F alse)g
case2 f not(F alse); eq(not(F alse); T rue)g f T rue; F alse; not; not(F alse);

eq(not(F alse); T rue)g
lem1 f not(not(T rue)) ;

eq(not(not(T rue)) ; T rue)
f T rue; not; not (T rue); not(not(T rue)) ;
eq(not(not(T rue)) ; T rue)g

pr1 f eq(not(not(T rue)) ; not(F alse))g f T rue; F alse; not; not(T rue);
not(not(T rue)) ; not(F alse);
eq(not(not(T rue)) ; not(F alse)) ;
eq(not(F alse); T rue)g

Table 3.4.: The setsIN (v) and USE(v) for the example

De�nition 3.10 (Textual order) We can now formalise the three di�erent kinds of tex-
tual order.

� Strong textual order � : If a node A uses a declared/de�ned symbolx or a state-
ment x introduced by a nodeB , we say thatA succeedsB and write B � A. Formally:

B � A := 9x(x 2 IN (B ) ^ x 2 USE(A))

When B � A we also writeA � B .

� Weak textual order � : This order describes a subpart relation between two nodes
(A is a subpart of B , written as A � B ). Formally:

A � B := IN (A) � IN (B ) ^ USE (A) � USE (B )

When A � B , we also write B � A.
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� Common textual order $ : This order describes the relation that two nodes use
at least one common symbol or statement. Formally:

A � B := 9x(x 2 USE(A) ^ x 2 USE(B ))

A DRa relation between two nodesv1 and v2 induces such an textual order. That was the
reason why we have to provide the induced textual order with each relation we introduce
like we did in section 3.2.2.

Table 3.5 gives some standard relations and their textual order.

Relation Meaning Order
A usesB A uses a statement or a symbol ofB B � A
A inconsistentWith
B

some statement inA contradicts a statement in
B

B � A

A justi�es B A is the proof for B A $ B
A relatesTo B There is a connection betweenA and B but no

dependence
A $ B

A caseOfB A is a case ofB A � B

Table 3.5.: Example of DRa relations and their textual order

Example 3.3 We can now verify the relations of the example of �gure 3.5 andtheir
textual orders (Table 3.6). It is obvious that all �ve conditions hold and hence the relations

Relation Condition Order
(case1; caseOf; def1) IN (case1) � IN (def1) ^

USE(case1) � USE (def1)
case1� def1

(case2; caseOf; def1) IN (case2) � IN (def1) ^
USE(case2) � USE (def1)

case2� def1

(pr1; justi�es; lem1) 9x(x 2 USE(pr1)) ^ x 2 USE(lem1) pr1 $ lem1
(lem1; uses; def1) 9x(x 2 USE(lem1)) ^ x 2 IN (def1) def1� lem1
(pr1; uses; def1) 9x(x 2 USE(pr1) ^ x 2 IN (def1)) def1� pr1

Table 3.6.: Conditions for the relations of the example

are valid.
For example the relation (case2; uses; lem1) would not be valid, because

:9 x(x 2 USE(() case1) ^ x 2 IN (() lem1))

Remark These conditions for textual order are only of a syntacticalform. There is no
kind of semantical checking if e.g. ajusti�es relation really connects a proved node and
its prove. Also it can sometimes happen, that these rules do not apply if e.g. a proof
just consists of a phrase like \Obviously the lemma holds", then there is no inner CGa
annotation which we could rely on. And last but not least, these conditions are useless, if
there is no CGa annotation at all. The main reason why we introduced these rules is to
have a formal base and to clarify the concepts. They could also be used in a later stage,
when we try to �nd connections between DRa nodes automatically. Then we could for
example look if a node uses a symbol which was de�ned or declared elsewhere, and we have
a meaningful 'use' relation between these nodes.

3.4.2. A formal view on the GoTO

We refer to the graph of textual order as GoTO. This graph contains all vertices of the
DG and a special kind of edges, the textual order edges. For each relation edger in the
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DG we can construct the corresponding textual order edge in the GoT O with respect to
the induces textual order of the relation.

De�nition 3.11 (Textual order edge) A textual order edgeo is a quadruple

(v1; v2; rel; to )

meaning it is a relation from vertex v1 to v2 with the relation name rel and its induced
textual order to where to 2 f� ; � ; $ ; � ; �g .

De�nition 3.12 (Graph of Textual Order) A graph of textual order is a tuple(V; O)
of a set of labeled verticesV and labeled textual order edgesO.

So far there are two reasons why the GoTO is produced:

1. Automatic Checking of the GoTO can reveal errors in the document (e.g. loops in
the structure of the document).

2. The GoTO is used to automatically produce a proof skeletonfor a certain prover.

Table 3.7 shows the graphical representation of textual order edges and an example relation
we have already seen in our examples.

(A; uses; B ) A � B

(A; caseOf; B ) A � B

(A; justi�es; B ) A $ B

Table 3.7.: Graphical representation of edges in the GoTO

Example 3.4 Figure 3.6 show the graph of textual order for the Pythagorasexample that
we have seen above. The vertices are the same than in the DG (see �gure 3.3). The
graphical representations of the textual order edges correspond to table 3.7.

3.4.3. Generation of the GoTO

The GoTO can be generated automatically from the DG and therefore (since the DG can
be produced automatically from an annotated document) automatically from an annotated
document. Algorithm 2 shows the procedure.

Remark The childOf relation which is added automatically between children andtheir
father vertex induces a� relation.

One can verify the output of the algorithm by comparing the DG in �gure 3.3 and the
GoTO which was produced out of it in �gure 3.6.

3.4.4. Extended checking of DG and GoTO

We implemented two kinds of failures: warnings and errors. At the current development
of DRa we check for four di�erent kinds of failures:

1. Loops in the GoTO (error)
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Figure 3.6.: Example of the GoTO of a document

Input : DG (VDG ; R), DRa con�guration
Output : GoTO (V; O)
V := VDG ;1

foreach relation edger 2 R with r = ( v1; v2; rel ) do2

if induced textual order to of rel is � or � then3

O := O [ f (v2; v1; rel; to )g4

else5

to := induced textual order of rel ;6

O := O [ f (v1; v2; rel; to )g7

Algorithm 2 : Algorithm to generate the GoTO from the DG
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2. Proof of an unproved node (error)

3. More than one proof for a proved node (warning)

4. Missing proof for a proved node (warning)

The checks for ii) - iv) are performed in the DG. For ii) we check for every node of type
'unproved' if there is an incoming relation edge of typejusti�es. If so, an error is returned
(e.g. when someone tries to prove an axiom or a de�nition). For iii) and iv) we check for
each node of type 'proved' if there is an incoming relation edge of type justi�es. If not,
we return a warning (this can be a deliberate omission of the proof or just a mistake). If
there is more than one proof for one node we return also a warning (most formal systems
cannot handle multiple proofs).

For i) we search for cycles in the GoTO. Therefore we have to de�ne how we treat the
three di�erent kinds of textual order edges. Edges of type� and � are treated as directed
edges. Edges of type$ are in principal undirected edges, which means for an edgeA $ B ,
one can get fromA to B and from B to A in the GoTO. But it is important, that within
one cycle such an edge is only used in one direction. Otherwise we would have a trivial
cycle between two nodes connected by a$ edge.

As we will see in the next section, a single node in the DRa treecan �rst be translated
when all its children nodes are ready to be translated. To re
ect this circumstance we
have to add certain nodes in the GoTO for the cycle check. Let us demonstrate this with
an example. Consider a DG and GoTO as in �gure 3.7.
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Figure 3.7.: Example of a not recognised loop in a DRa (left DG, right GoTO)

Apparently there is a cycle in this tree, because to be able totranslate C we need to
translate its children D and E. But before we can translateC we must have translatedA
becauseC usesA. But the child D of C is used byA. There we have a deadlock situation.
Neither A nor C can be processed. To recognise such kinds of cycles we add certain
textual order edges to the GoTO when checking for cycles. Therefore we have to look at
the children of a vertex v: hidden cycles can only evolve, when there are textual order
edgesoi from a child vertex ci to a target vertex vi which is not a sibling of ci . Hence we
add an textual order edge (ci ; v; auto; � ) for each such nodeoi to the GoTO. This can be
done via algorithm 3.

We could also add new edges for all incoming edges of the children ci but this is not
necessary because the textual order of thechildOf relation is a directed edge from each
child ci to its parent vertex v. There we can use the transitivity of the edges and �nd a
cycle anyway.

In the example from �gure 3.7, algorithm 3 would add one edge to the GoTO: The child
nodeD of C has an outgoing node to the non-sibling nodeA. So a new directed edge from
C to A is added which yields the result of �gure 3.8. There you can clearly see a cycle
between the nodesA, C and A with the edgesA-C and C-A.
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Input : GoTO goto = ( V; O)
foreach vertex v 2 V do1

foreach child c 2 chDRA (v) do2

foreach textual order edge(c; t; ; ) do3

if t is no sibling of c then4

O := O [ f (v; t; ; � )g5

Algorithm 3 : Adding additional edges to a GoTO
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Figure 3.8.: GoTO graph of the example of �gure 3.7 with addededges

Figure 3.9 demonstrates another situation of a cycle in a DRaannotated text. The
problem is mainly, that lemma 1useslemma 2but the proof of lemma 2uses a part of the
proof of lemma 1. This situation would end up in a deadlock when processing the GoTO
e.g. when producing the proof skeleton. We see a cycle between the nodesA, C, D, F, B
and A with the edgesA-C, C-D, D-F, F-B, and B-A. Here we also see why we do not need
to add incoming edges to the parent nodes. For nodeF we have an incoming edge but
due to the direction of the childOf edge fromF to B, we can use the transitivity. In both
examples, an error would be returned with the correspondingnodes and edges.

3.5. Extended CGa checking with the help of DRa

3.5.1. The idea of combined CGa and DRa checking

If we have a CGa and DRa annotated document, we have additional information from the
DRa annotation which we could use within the CGa type checking. To explain what kind
of additional information we talk of, we want to show two examples of mathematical texts
which can be found often.
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Figure 3.9.: Example of a loop in the GoTO (DG left, GoTO right )
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Example 3.5 A textbook has already introduced the binary operation '+' and the unary
operation '-' with their usual meanings. Consider the following text:

Example Now we want also be able to write(3 � 2) = 1 and use � as a binary op-
eration.

De�nition Therefore we de�ne a � b as a + ( � b)

The relevant annotations are:

<example><><ex1><> <eq> <minus> <3>3 - <2>2 = <1>1

<definition><><def2> <> <> <minus> <a>a - <b>b <plus> <a>a + <unMinus>� <b>b

A regular check of this document would yield in an error, because we use the binary minus
'-' in the example (3 � 2) = 1 before we de�ne it in the next line.

But when we add a relation(ex1; uses; def2) then we know, that this example uses some-
thing from the nodedef2 { in this case the de�nition of the binary '-'. With this addit ional
information we are able to check the CGa annotation of this document successfully.

Example 3.6 A textbook de�nes two complex expressionsa and bwithin the de�nition of a
function foo1 (and therefore a and b are only visible within this de�nition (local scoping)).

For another de�nition of a function foo2 it is written:
Let a and b be de�ned like in the de�nition of foo1, then foo2(a; b) is bar2(a; b).

But a and b are not de�ned here. We could do a hack and declare them locally, but
then we lose additional information - the fact, that we know already the de�nition of a
and b and not only their type (which we would provide with a declaration) - this additional
information can be crucial in a further processing of the text.

But if the de�nition of foo2 uses the de�nition of foo1, then the de�nitions of a and
b are detected and the checking of the document is successful.

3.5.2. The new typing judgements

Inspired by the examples of the last section, we implementedspecial typing rules for DRa
annotated steps. We refer to these steps as DRa steps. First we de�ne a function which
yields all nodes which are used by a certain nodev.

De�nition 3.13 (Set of used nodes) Given a DG dg = ( V; R) and a vertex v, the
function uses(v; dg) returns all nodes v0 which are used by the nodev in the dependency
graph dg.

uses(v; dg) = f v0 j (v; v0; uses) 2 Rg
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We introduce two rules, step-dra-act and step-dra-inact . The �rst is used for DRa
steps when the combined checking is activated, the latter isused when the user does not
wish combined CGa and DRa checking. These two rules provide abridge between the
DRa annotations and the CGa checking.

If the combined checking is deactivated, only the inner CGa step of a DRa annotated
step is checked and therefore we have pure CGa checking.

� ` s :: Step

� ` [node did@di s] :: Step
step-dra-inact

If combined checking is activated, we perform a local union of the current context �
and all the stepss0 which are in vertices v0 which are used by this node. Once again this
means we add every typing judgement withins0 to the current environment. If s is a valid
step in this context, the whole DRa annotated step is valid. The DG dg is the dependency
graph of the current document.

� t
[

( ; ; ;s0)2 uses(getV ert (di;dg );dg)

f (s0; Step )g ` s :: Step

� ` [node did@di s] :: Step
step-dra-act

When we look at our last two examples, we see that they are typable when combined
CGa and DRa checking is activated. E.g. in the �rst example welocally add the de�nition
of the binary minus to the environment when checking the example ex1. So we do not use
any unde�ned symbols any more.

3.5.3. Including other documents

When we annotate a complete document (like a book) it is oftenconvenient to have
di�erent �les for di�erent chapters, sections, etc. The pro blem is, that often these chapters
reference to each other. For example a book (e.g. [22]) introduces the natural numbers
and the de�nition of + and � in chapter 1, but chapter 2 also uses these de�nitions. Now
we have two di�erent possibilities:

1. Each time we use a + in chapter 2 we reference to the de�nition of + in the document
of chapter 1.

2. We add a relation, that chapter 2 (the root node of this document) uses chapter 1
(the root node).

In both cases, we can now check the document successful. The �rst approach is more
special because it adds only the + to the current environment, but has the disadvantage
that we have to annotate this, each time we use +.
The second approach is more general - and comfortable for theuser { but has the disadvan-
tage, that the complete environment from chapter 1 is added to the current environment.
But this could be avoided by a faithful implementation: Only when a identi�er is not
found in the current environment, we take it from the references chapter. This avoids a
blowup of the current environment.

Remark At the moment we do not have a good syntax how to reference to a DRa node
in another document, this will be part of further research.
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4.1. The idea of SGa

SGa { the skeleton generation aspect | is a new aspect of MathLang developed in 2008 and
still in developement. The basic idea of SGa is to take the annotated text one level higher
to a more formal version of e.g. a theorem prover or a proof assistant (like HOL, Isar,
Mizar or Coq). This translation to a formal language can and should not be performed in
one step. Thus this aspect is the �rst step which is required to perform this generation:
A proof skeleton or a proof outline is generated. This means that the parts of the texts
annotated in DRa are ordered and translated { depending on the target language. At the
moment we provide experiment with Mizar (Krzysztof Retel), Isabelle (Robert Lamar)
and Coq (Christoph Zengler) as target languages. But the whole aspect is completely
generic which means it can be extended to any other theorem prover or formal language.

Example 4.1 To give an impression how such a proof skeleton can look like,we give (one
possible) Mizar proof skeleton for the Pythagoras proof of the last section in �gure 4.1.

The aim of the skeleton generation is to stay as close as possible to the mathematician's
original CML text. But due to certain restrictions for di�er ent theorem provers the original
order cannot always be respected. We give some classical examples when this can happen:

� Nested lemmas/theorems: Sometimes mathematicians de�ne new lemmas or theo-
rems inside proofs. Not every theorem prover can handle suchan approach (e.g.
Coq). In the case of such theorem provers, it is necessary to 'de-nest' the theorem-
s/lemmas.

� Forward references: Sometimes a paper �rst gives an examplefor a theorem before
it states the theorem (like our �rst example in section 3.5.1. Some theorem provers
(e.g. Mizar) do not support such forward references. The text has to be rewritten so
that it only has backward references (i.e. references to already stated mathematical
constructs).

� Outsourced proofs: A usual practise in mathematical writing is to out source complex
proofs which are not mandatory for the central results, in the appendix. When
formalising such documents, these proofs need to be put in the right place.

We developed an generic and con�gurable algorithm for re-arranging the parts of a DRa
annotated text and generating a proof skeleton. Reorderingand de-nesting is only per-
formed when it is necessary for the theorem prover at hand.

4.2. Generating the proof skeleton

4.2.1. Con�guration of SGa

The transformation of the DRa annotated text into a proof skeleton has two steps.
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Lemma 4.1

For m; n 2 N one has:
m2 = 2 n2 =) m = n = 0 A

Proof

De�ne on N the predicate:
P(m) () 9 n:m2 = 2 n2 & m > 0: E

Claim.

P(m) =) 9 m0 < m:P (m0).F

Indeed supposem2 = 2 n2 and m > 0. It follows that m2 is even, but
then m must be even, as odds square to odds. Som = 2 k and we have
2n2 = m2 = 4 k2 =) n2 = 2 k2 Since m > 0, if follows that m2 > 0,
n2 > 0 and n > 0. Therefore P(n). Moreover, m2 = n2 + n2 > n 2,
so m2 > n 2 and hencem > n . So we can takem0 = n.

G

By the claim 8m 2 N:: P(m), since there are no in�nite descending sequences of
natural numbers.

Now supposem2 = 2 n2

with m 6= 0. Then m > 0 and henceP(m). Contradiction.H

Therefore m = 0. But then also n = 0. I
�

B

Corollary 4.2
p

2 =2 QC

Proof Suppose
p

2 2 Q, i.e.
p

2 = p=q with p 2 Z; q 2 Z � f 0g: Then
p

2 = m=n
with m = jpj; n = jqj 6= 0. It follows that m2 = 2 n2. But then n = 0 by the lemma.
Contradiction shows that

p
2 =2 Q. �

D

justifies

justifies

uses

uses

justifies

uses

uses

subpartOf

subpartOf

18 Lemma:
19 proof

21 defpred
22 Claim:
23 proof

54 end;

63 per cases;
64 suppose

71 end;
72 suppose

77 end;
78 end;

80 Corol lary:
81 proof

95 end;

Figure 4.1.: Generating a Mizar Text-Proper skeleton from MathLang DRa and CGa

� reorder the text to satisfy the constraints of the particular theorem prover

� translate each DRa annotation to its corresponding syntax in the language of the
theorem prover

The XML con�guration �le for a particular theorem prover for SGa re
ects these two
steps: there is a dictionary part and a constraints part. Thedictionary contains a rule for
each mathematical or structural role of DRa. For the translation of a single DRa node we
look at two important values of the node: its name and its body.

<role><name> body

The body can be another DRa annotation, a CGa step annotationor just plaintext. For
each mathematical or structural role we can de�ne, how name and body are embedded in
a sequence of symbols and keywords. Within the con�guration�le we refer to the name
of a node with %nameand to the body with %body. A new line (for better readability) can
be inserted with %nl. Consider the example of the DRa node which we saw in �gure 3.4.
The name of this node issubsetDef, the content is the whole inner CGa stepdefSubSet.
The role of this node isde�nition . A translation into Coq could look like:
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Definition : <step defSubSet> .

And the rule for this translation would be:

Definition : %body .

The corresponding XML section of the con�guration �le looks like that:

<skeleton:keyword name="definition">
Definition : %body .

</skeleton:keyword>

The constraints section of the con�guration �le for a theorem prover con�gures two main
properties: the allowance of forward properties and of nested mathematical constructs.
Forward references can be allowed via the tag:

<skeleton:forwardrefs>true</skeleton:forwardrefs>

Changing the content of the tag to "false" forbids forward references. If there is no such
tag, the default value is "false".

For a con�guration of nested constructs there are two possibilities:

� Either allow the nesting of constructs in general and de�ne those exceptions for
which nesting is not allowed.

� Or forbid the nesting of constructs in general and de�ne those exceptions for which
nesting is allowed.

The following con�guration allows nesting in general but not for de�nitions and axioms:

<skeleton:nesting>true</skeleton:nesting>

<skeleton:nest role="definition">false</skeleton:nes t>
<skeleton:nest role="axiom">false</skeleton:nest>

4.2.2. Rearranging the vertices

The rearranging algorithm works on the GoTO as seen in the last section. A vertex in this
GoTO can have one of three states: processed (black), in-process (grey) and unprocessed
(white). A processed vertex has already been translated into a part of the proof skeleton, a
vertex in-process is one that is being checked, while an unprocessed vertex is still awaiting
translation. We need this information to know which vertices we have already translated
and which vertices are still to be translated. This information is completely independent
of the proved/unproved property of a vertex. The method for generating the output of a
single vertex v is shown in algorithm 4.

Although DG and GoT O are graphs, we have an underlying tree structure given by the
DRa tree of the original document. This tree structure is represented with the 'childOf'
relations edges.

De�nition 4.1 (Children of a vertex) For a vertex v1 in a DG dg = ( V; R) the func-
tion chDG (v1) yields the set of all vertices having a 'childOf ' relation with v1:

chDG (v1) = f c j (c; v1; childOf) 2 Rg

For a vertex v2 in a GoTO goto = ( V; O) the function chGOT O (v2) yields the set of all
vertices having a 'childOf ' relation with v2:

chGOT O (v2) = f c j (c; v1; childOf; � ) 2 Og
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Input : Vertex v
foundwhite := true ;1

while foundwhite do2

foundwhite := false ;3

foreach child vertex c 2 chGOT O (v) do4

if c is white (unprocessed) and isReady(c) then5

processVertex(c);6

generateOutput(c);7

foundwhite := true ;8

break;9

Algorithm 4 : Function generateOuput(v)

The algorithm searches a vertex that can be processed and processes it recursively.
Process (processVertex(c)) in this context means that the vertex at hand is translated and
added to the proof skeleton. The generateOutput function has to be performed for the
document root vertex. Then it is recursively performed for all the vertices in the GoTO.
The important function in this algorithm is the one which dec ides whether a vertex is
ready to be processed or not. A vertexv is ready to be processed if it ful�lls the following
three criteria:

1. it has no incoming � edges (in the GoTO) of unprocessed (white) vertices

2. all its children c 2 chGOT O (v) are ready to be processed

3. if the vertex is a proved vertex: its proof is ready to be processed

Algorithm 5 tests these three properties of a vertexv and returns the result.
It is important when checking if each child of the n children is ready, to perform the test

n times because a rearrangement can also be required for the children. If there are still
white children after n steps, then the children cannot be yet processed and so the vertex
cannot be processed.

To illustrate the algorithm we will now look at a detailed example. Consider the DG
and GoTO of a (typical and not well structured) mathematical text as in �gure 4.2.
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foreach incoming textual order edge(c; v; rel; to) of v do1

if to is � and c is unprocessed (white)then2

return false3

mark vertex v as grey;4

n = j chGOT O (v)j;5

for 1..n do6

foreach child vertex c 2 chGOT O (v) do7

if c is not processed and isReady(c) then8

mark c as grey;9

break;10

if f c j c 2 chGOT O (v) and c is whiteg 6= ; then11

reset all grey vertices back to white;12

return false13

if (p; v; justi�es; $ ) 2 O (is a proved node) then14

if not isReady(p) then15

reset all grey vertices back to white;16

return false17

reset all grey vertices back to white;18

return true19

Algorithm 5 : Algorithm isReady(v)

!"#$%&'(

)&%%*+, )&%%*+-./""0+, ./""0+-

12*3%+,!&4'3(3"'+, ./""0+1, 12*3%+- !&4'3(3"'+-./""0-

!"#"

!"#"

!"#"

$!"%&'#" $!"%&'#"

$!" $!"

The root vertex of the document can be marked as processed andthe algorithm starts at
this vertex. The �rst child is Lemma 1. Criterion 1) is ful�lled, since the vertex has no
incoming � edges in the GoTO. Criterion 2) is ful�lled because the vertex has no children.
For criterion 3) Proof 1 has to be ready to be processed before we can markLemma 1as
ready to be processed.Proof 1 has no incoming� edges. So criterion 1) is ful�lled. For
criterion 2) the children of the proof have to be ready to be processed. De�nition 1 is
ready, but the proof of Claim 1, Proof C1has an incoming vertex of an unprocessed vertex
(Lemma 2). So Claim 1is not ready and hence, neither areProof 1 and Lemma 1.
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!"#$%&'(

)&%%*+, )&%%*+-./""0+, ./""0+-
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!"#"

!"#"

!"#"

$!"%&'#" $!"%&'#"

$!" $!"
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!"#"

!"#"

!"#"
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Figure 4.2.: Example to illustrate Skeleton generation (DGat top, GoTO at bottom)
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$!" $!"

The next vertex to check is Lemma2. Criteria 1) and 2) are ful�lled, for criterion 3) the
proof Proof 2 has to be ready to be processed. Criteria 1) and 3) of the proofare ful�lled,
so its children have to be ready to be processed. The �rst child that can be processed is
De�nition 2. So it is marked as in-process (grey).
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!"#$%&'(

)&%%*+, )&%%*+-./""0+, ./""0+-

12*3%+,!&4'3(3"'+, ./""0+1, 12*3%+- !&4'3(3"'+-./""0-

!"#"

!"#"

!"#"

$!"%&'#" $!"%&'#"

$!" $!"

In a second run of the for loop for checking the children ofProof 2, Claim 2and its proof
are now ready, becauseDe�nition 2 is not white anymore but grey. This situation is the
reason, why we must perform the check whether then children of a vertex are readyn
times exactly.

!"#$%&'(

)&%%*+, )&%%*+-./""0+, ./""0+-

12*3%+,!&4'3(3"'+, ./""0+1, 12*3%+- !&4'3(3"'+-./""0-

!"#"

!"#"

!"#"

$!"%&'#" $!"%&'#"

$!" $!"

Output:

Lemma 2
Proof 2

Definition 2
Claim 2
Proof C2

Since now all the children of Proof 2 are ready, the complete proof is ready and so is
Lemma 2. The grey 
ags are unassigned and the output forLemma 2is generated. In this
step all vertices Lemma 2, Proof 2, Claim 2, Proof C2 and De�nition 2 are permanently
marked as processed (black).

!"#$%&'(

)&%%*+, )&%%*+-./""0+, ./""0+-

12*3%+,!&4'3(3"'+, ./""0+1, 12*3%+- !&4'3(3"'+-./""0-
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!"#"

!"#"

$!"%&'#" $!"%&'#"

$!" $!"

Since now a vertex has been processed, the algorithm starts again with the �rst white
vertex. So Lemma 1is checked again. Now the children of its proof can be processed
becauseLemma 2is now processed and does not prevent the processing ofProof C1.
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!"#$%&'(

)&%%*+, )&%%*+-./""0+, ./""0+-

12*3%+,!&4'3(3"'+, ./""0+1, 12*3%+- !&4'3(3"'+-./""0-

!"#"

!"#"

!"#"

$!"%&'#" $!"%&'#"

$!" $!"

Output:

Lemma 1
Proof 1

Definition 1
Claim 1
Proof C1

At the end Lemma 1and its proof can be processed. The �nal order of the verticesis:

Lemma 2
Proof 2

Definition 2
Claim 2
Proof C2

Lemma 1
Proof 1

Definition 1
Claim 1
Proof C1

We see that with this order no vertex references other vertices which are not already
translated. Lemma 2is translated �rst. Its proof follows immediately. De�nition 2 is
reordered, becauseClaim 1 and its proof refer to it. So it has to be written in front of
them. Lemma 1can then be translated because nowLemma 2which it refers to, is already
translated.

Remark If forward references are allowed, we do not need rearranging of the nodes, be-
cause references to a node which has not already been translated are allowed.

4.2.3. De-nesting the graph

If nestings of certain mathematical or structural roles arenot allowed, we have to de-nest
these nodes. We call this a 
attening of the graph, because certain nodes are removed
from their original position and inserted as direct children of the DRa top-level node.
Algorithm 6 achieves this e�ect.

We refer to every child of the DRa top-level node as a node at level 1. Every child of
such a node is at level 2 and so on. If a mathematical role must not be nested, it can
only appear at level 1. So we check for each node at a level greater than level 1, if its
corresponding mathematical role can be nested. If not, thenthe node and all its required
siblings are removed from this level and put in front of their parent node. Since there is no
childOf relation edge between this no-longer-child and its parent node, the textual order
of the textual order edge in the GoTO between child vertex andparent vertex changes
form � to � .

The required sibling vertices are determined again in the GoTO. When a node is moved
in front of its parent node, then there is a � textual order edge between this vertex and
its former parent. So each sibling of the removed node from whom there is a incoming
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4.2. Generating the proof skeleton

Input : Vertex v
foreach child vertex c 2 chGOT O (v) do1


attenNode( c);2

if c is not allowed to be nestedthen3

nodelist := transitive closure of incoming nodes ofc;4

foreach vertex v of nodelist do5

remove v of list of children of node;6

add v in front of node as a sibling;7

Algorithm 6 : 
attenVertex( v)

node must be moved with the node. This includes its children or - for a proved node - its
proof. Since for these children we have to move the related nodes too, we can build the
transitive closure over the incoming nodes of the node whichhas to be moved. All nodes
in this closure have to be relocated in front of the parent node.

We demonstrate this algorithm again on the example from �gure 4.2. For a �rst demon-
stration we assume that the nesting of de�nitions is not allowed. So De�nition 1 and
De�nition 2 have to be removed from level 2 and be relocated in front of their parent
nodes. The transitive closure over incoming edges in the GoTO yields no new nodes for
removing (because the de�nitions have no incoming edges in the GoTO). The resulting
new 
attened graph can be seen in �gure 4.3. We see that the twode�nition are now at
level 1 and their edges to their former parent nodes have changed from� to � . The output
for this graph according to the algorithm from the last section is given on the lefthandside
of table 4.1.

Definition 1
Definition 2
Lemma 2
Proof 2

Claim 2
Proof C2

Lemma 1
Proof 1

Claim 1
Proof C1

Definition 2
Claim 2
Proof C2
Lemma 2
Proof 2
Claim 1
Proof C1
Lemma 1
Proof 1

Definition 1

Table 4.1.: Outputs of the graphs of �gures 4.3 (lefthandside) and 4.4 (righthand side)

On the other hand, if we allow de�nitions to be nested but forbid nested claims, we
get the graph of �gure 4.4. The �rst claim which is found in the graph is Claim 1. The
transitive closure yields that Proof C1needs also to be removed since there is a$ edge to
the claim. The second claim which is found isClaim 2. The transitive closure yields again
that its proof as well as De�nition 2 have to be removed.

The output for this graph is given on the righthand side of table 4.1.
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!"#$%&'(
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Figure 4.3.: A 
attened graph of the GoTO of �gure 4.2 without nested de�nitions

!"#$%&'(
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Figure 4.4.: A 
attened graph of the GoTO of �gure 4.2 without nested claims

4.3. The next step: The rich skeleton

During implementing and testing the skeleton generation werealised, that there are a
lot of CGa annotations which could be also used to translate parts of the text into the
language of the theorem prover. E.g. if we annotated a chunk of text with the following
annotation:

<> <> <> <x>x <> <y>y If <neq> <x>x 6= <y>y then <neq> <succ> <x>x 0 6= <succ> <y>y 0

and this annotated with the mathematical role 'theorem' and the name 'th1', we want to
be able to translate this automatically to the Coq text:

Theorem th1 x y : (neq x y) -> (neq (succ x) (succ y))

therefore we present some rules in the next section which automatically translate parts of
the CGa annotation into corresponding Coq texts. These rules are not complete, meaning
we can not translate each possible syntactic element of our language into a corresponding
Coq element. These rules were created with the Landau text inmind and might change
and be extended in the future.

4.3.1. Rich skeletons for Coq

We present rules for the most used annotations constructs inthe Landau text.
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De�nition 4.2 (Translation of CGa parts to Coq) The function SCoq (ann) yields
the Coq translation for a given annotation ann. The partial function is given in table 4.2.

Rule N o Annotation ann Coq translation SCoq ( ann )

coq1) <#> Set

coq2) <#> Prop

coq3) <id > <N > id : N

coq4) <id > <S > id : S

coq5) <id > id

coq6) <id > p1 ... pn
<N > id : SCoq

�
p1

�
-> ... -> SCoq

�
pn

�
-> N

coq7) <id > p1 ... pn
<S > id : SCoq

�
p1

�
-> ... -> SCoq

�
pn

�
-> S

coq8) <id > p1 ... pn id : SCoq

�
p1

�
-> ... -> SCoq

�
pn

�
-> Prop

coq9) <id > p1 ... pn id : SCoq

�
p1

�
-> ... -> SCoq

�
pn

�
-> Set

coq10) <id > p1 ... pn (id SCoq

�
p1

�
... SCoq

�
pn

�
)

coq11) <id > p1 ... pn (id SCoq

�
p1

�
... SCoq

�
pn

�
)

coq12) <id > p1 ... pn (id SCoq

�
p1

�
... SCoq

�
pn

�
)

coq13) <id > id

coq14) <id > <id 1 > ... <id n > e id id_1 ... id_n := SCoq

�
e

�

coq15) <d 1 > ... <d n > S1 ... Sn S 0
1 ... S 0

1 forall SCoq

�
<d 1 >

�
... SCoq

�
<d n >

�
, SCoq

�
S1

�
/\

for a surrounding unproved DRa annotation ... /\ SCoq

�
Sn

�
-> SCoq

�
S 0

1

�
/\ ... /\ SCoq

�
S 0

n

�

coq16) <d 1 > ... <d n > S1 ... Sn S 0
1 ... S 0

1 SCoq

�
<d 1 >

�
... SCoq

�
<d n >

�
: SCoq

�
S1

�
/\ ...

for a surrounding proved DRa annotation /\ SCoq

�
Sn

�
-> SCoq

�
S 0

1

�
/\ ... /\ SCoq

�
S 0

n

�

Table 4.2.: Rules for the rich skeleton generation for Coq

As already mentioned, these rules were designed with the Landau text in mind. With
these rules almost every axiom, de�nition and theorem can betranslated in a way that
it is immediately usable in Coq. The following sections explain shortly the rules from
table 4.2.

Basic categories

There is a built in support for sets and propositions in Coq which means we can translate
the set and the statement category of MathLang directly to Coq. A set category <#> is

translated with the Coq text Set (rule coq1)), a statement category <#> with the Coq
keyword Prop for proposition (rule coq2)).

Declarations

Rules coq3)-coq9) deal with di�erent declaration. A single term <id> is translated with
just its interpretation id (rule coq5)). An instance declaration (rule coq3)) expressing, that
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a term identi�er id is an instance of a nounN is translated with id : M . The elementhood
declaration of a term identi�er id and a set S is translated exactly the same way with
id : S (rule coq4)). If a set or statement identi�er with arguments is declared, we have
to translate these arguments to the respective Coq notationwith arrows (rules coq6) -
coq9)).

Example 4.2 (Coq translation of declarations) Consider the following annotation
of the fact that 1 is a natural number.

<I> 1 is a <nat>natural number

This is translated (with rule coq3))in the Coq text

I : nat.

If the whole declaration is annotated with the mathematicalrole 'declaration'

<declaration><decI> <I> 1 is a <nat>natural number

the corresponding automatical translation is

Variable I : nat.

This is a legal input for Coq.

Considering the following annotation of a declaration of the plus function on two natural
numbers

<declaration><decI> <plus> <nat> <nat> <nat>

we get (with rules coq6) and coq13)) the following valid Coq translation:

Variable plus : nat -> nat -> nat.

Instantiations

The rules coq10) - coq13) treat instantiations of identi�ers. The parameters of an id en-
ti�er are written directly after the identi�er, not separat ed by commas or surrounded by
parentheses.

Example 4.3 (Coq translation of instantiations) Supposing we have given a plus func-
tion plus and a successor functionsucc on natural numbers and natural numbersx and
y, we can annotate the following instantiation:

<plus> <x>x + <succ> <y>y 0

With the help of rule coq11) this is translated to

plus x (succ y)
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De�nitions

Rule coq14) describes the translation of a de�nition into Coq's formal language. This
notation ( := ) is exactly the same as MathLang's internal representation.

Example 4.4 Coq translation of de�nitions The annotated de�nition of a s ubset (as seen
in chapter 3) is given as

the left hand side of the de�nition is translated according to rule (coq14)) with subset A B.
The right hand side is translated with the rulescoq5), coq10), coq11) and coq12) and the
result is

forall x (impl (in x A) (in x B))

Putting left hand and right hand side together and taking theouter DRa annotation we
get the translation

Definition subset A B := forall x (impl (in x A) (in x B))

It is important to mention, that this is not the right way to use Coq's 'forall' quanti�cation,
but since we do not want to tie certain interpretations to keywords in Coq we omitted a
corresponding rule.

Steps

We distinguish two di�erent kinds of steps: 1) steps surrounded by DRa annotations which
have the property 'proved' (rule coq16))and 2) steps surrounded by DRa annotations
with the property 'unproved' (rule coq15)). This distinction is important because for
unproved nodes like axioms or hypothesis we need a for all quanti�cation of all locally
declared variables whereas for proved nodes like theorems and lemmas we can write the
locally declared variables in front of the respective theorem or lemma. All locally declared
identi�ers are treated this way. Statements Si in a local scoping of the step are treated
as assumptions (which showed to be very useful during encoding the Landau text). This
means if local statementS is present, the resulting translation is of the form S -> ... .
If there are more than one local statements, we connect them via the Coq and /\ .

Example 4.5 (Coq translations of steps) As an example we look at theorem 17 of
the �rst chapter of Landau's \Grundlagen der Analysis" (�gu re 4.5). We see three local
declarations of x; y and z and two local statementsx � y and y � z. Since the surrounding
DRa annotation 'theorem' is a proved node, rulecoq16) is chosen. The local declaration
are translated with rule coq5), the statements with rulecoq10). The �nal result (including
the surrounding theorem translation) is

Theorem th117 x y z : (leq x y /\ leq y z) -> leq x z .

That is literally the way we used this theorem in Coq and proved it.
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Figure 4.5.: Theorem 17 of Landau's \Grundlagen der Analysis"

4.3.2. Rich skeletons for Isabelle

Similarly to the rules of the function SCoq (ann) Robert Lamar de�ned a function SIsa (ann)
in his second year report [21].

De�nition 4.3 (Translation of CGa parts to Isabelle) The function SIsa (ann) yields
the Isabelle translation for a given annotationann.

The function SIsa (ann) is also only a partial function at the moment, meaning not every
syntactic element of MathLang's CGa can be translated in a corresponding Isabelle trans-
lation. But the implementation of these rules shows, that the concept of rich proof skeleton
generation is easily extensible and is likely to be extendedto more formal languages in the
future.

Example 4.6 (Translation into Isabelle) Consider the annotation (presented in [21])

<carriernonempty> <not> <set-equal> <R>a non <emptyset>empty set

The corresponding translation into Isabelle is:

assumes carriernonempty: "not (set-equal R emptyset)"
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5. An example of a full formalisation in Coq
via MathLang

Landau's \Grundlagen der Analysis" [22] remains the only book which has been fully for-
malised in a theorem prover [25]. We intend to fully formalise and encode this book in
MathLang. Throughout the years, a number of undergraduate/MSc students (most no-
tably, Mona Petrie, Amalia Retzepi, Anastasios Tsaousis and Anastasios Asimakopoulos)
contributed to encoding parts/chapters of this book at the CGa level of MathLang (even
when CGa was still an under-developed variation of WTT).

Throughout we continued to use Landau's text as a test bed forencoding at the CGa or
TSa level of MathLang [23, 14]. This section summarises the encoding of the �rst chapter
of Landau's book into all aspects of MathLang up to a full formalisation in Coq. This
work was �rst presented in [19].

We dealt with the �rst chapter of the book - natural numbers - t o show how an encoding
of an existing document works. For clari�cation we illustra te the path we took in �gure
5.1. With the help of the text and symbol aspect TSa we annotated the CGa and DRa
information of the text. From this information we automatic ally generated proof skeleton
and rich proof skeleton. We used this proof skeleton and fully formalised the proofs in
Coq. The �nal result was a complete formalised version of the�rst chapter of Landau's
book in Coq. The complete formalisation is included in the appendix of this report.

!"#

$%#

&'#

!()*((+,-+-,*.#/0102)

32456+7/(1 *089+4*,,-
1:(/(6,2

8,.4/(6(
-,*.#/01(;

$,<+=(*10,2

&(>.#81+
;,85.(26

Figure 5.1.: The path for processing the Landau chapter

5.1. CGa and TSa annotations

5.1.1. The Preface

In the preface of a MathLang document we introduce symbols that are not de�ned in the
text but are used throughout it. These are often quanti�ers or Boolean connectives like
^ or _. These symbols are often pre-encoded in theorem provers (e.g. Coq has special
symbols for the logical and, or, implication, etc.). The preface of the �rst chapter of
Landau's book consists of 14 di�erent symbols as given in table 5.1.1.
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5.1. CGa and TSa annotations

Group Meaning Encoding

Quanti�ers 8 for all <forall> 8 <#> <#> . <#>

9 exists <exists> 9 <#> <#> . <#>

9! exists exactly one <exists one>9! <#> <#> . <#>

Boolean connectives ^ and <and> <#> ^ <#>

_ or <or> <#> _ <#>

=) implication <impl> <#> =) <#>

� exclusive or <xor> <#> � <#>

Set theory 2 element of <in> <#> 2 <#>

� subset of <subset> <#> � <#>

fjg constructor for a set <<Set>>f <#> <#> j <#> g

; empty set <emptyset> ;

= equality of sets <seteq> <#> = <#>

6= inequality of sets <setneq> <#> 6= <#>

function for indexing <index> <#> <#>

Table 5.1.: The preface for the �rst chapter of Landau's book

Note The \index" function is used to express a notion in the style of ab = c which can
be de�ned as a functionindex(a; b) = c. So the index function has two terms as argument
and yields a term as a result.

5.1.2. The �rst section

The �rst section of the �rst chapter introduces the natural n umbers, equality on natu-
ral numbers and �ve axioms (an extension of the Peano axioms). We declare a noun
<nat> a nd the set <N>N of natural numbers. Equality <eq> <nat> = <nat> and inequality

<neq> <nat> = <nat> between natural numbers are declared rather than de�ned. There
are three properties of equality, which we encoded. We will show one encoding of these to
recapitulate TSa annotations with sharing and to see how to use the symbols given in the
preface. The original statement is

x = x for every x

We see that this is a universal quanti�cation of x and a well formed equivalent statement
would be: 8x(x = x). Since the positions are swapped in Landau's text we use theposition
souring. The souring annotation of this statement is:

<forall> <2>x = x for every <1> x
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This yields the �nal statement

<> <forall> <2> <eq> <x>x = <x>x for every <1> <> <x>x

We can decide if we annotatex just as a term or as instance of the noun 'nat. Since we
declared the noun 'nat' with no characters, this makes no di�erence and we decided to
annotate it as terms for brevity of notation. Next we show how to encode axiom 2 which
illustrates that \wordy" parts of the text can also be annota ted, not only mathematical
statements. The original statement is:

For each x there exists exactly one natural number, called the successor of x, which will
be denoted byx0

The \for each" can be translated with a universal quanti�er, the \exactly one" with the
9! quanti�er. So we get the general structure:

The complete statement can be e.g. encoded corresponding tothe following formal state-
ment 8x(9!x0(succ(x) = x0)):

5.1.3. Sections 2 - 4

Within the next sections, addition (section 2), ordering (section 3) and multiplication
(section 4) are introduced. There are 36 theorems with proofs and 6 de�nitions: addition,
greater than, less then, greater or equal than, less or equalthan and multiplication. There
are many simple structured theorems like that of �gure 5.2.

Figure 5.2.: Simple theorem of the second section

We want to examine our way of annotating these theorems. The main theorem x + y =
y + x is annotated in a straightforward manner. x and y are annotated as terms, plus as
a function, taking two terms as arguments and yielding a termas a result. The equality
between these terms is a statement. Since we did not declarex and y in the preface or
in a global context we do this with a local scoping. Again we have the choice between
annotating them just as terms or as instances of nouns. This information is added in the
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�rst annotated line where we declarex and y as terms and put these two annotations into
a context which means that this binding holds within the whole step.

Landau often used chains of equations for proofs as in the proof for the equality of
x(y + z0) and xy + xz0 in the proof of theorem 30 of the �rst chapter of the book:

x(y + z0) = x((y + z)0) = x(y + z) + x = ( xy + xz) = x = xy = ( xz + x) = xy + xz0

Here we bene�t from our souring methods - in this case especially the sharing of variables
(see �gure 5.3). There are also often hidden quanti�cation like the one in the examplex = x
for every x, where we need the souring for swapping positions. These twofunctionalities
of TSa save a lot of time in annotating mathematical documents.

Figure 5.3.: Souring in chains of equations

For some theorems we use Boolean connectives although they are not mentioned explic-
itly in the text. E.g. theorem 16 states:

If x � y; y < z or x < y; y � z

then x < z

We annotate the premise of the theorem as a disjunction of twoconjunctions as seen in
�gure 5.4.

Figure 5.4.: The annotated theorem 16 of the Landau's �rst chapter

Another use of Boolean connectives is when we have formulations like \exactly one of
the following must be the case...". There we use the exclusive or� to annotate the fact
that exactly one of the cases must hold. We de�ned the exclusive or in the preface and
therefore have to take care that we �nd a corresponding construct in the used theorem
prover (see table 5.1.1).
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5.1.4. DRa annotation

The structure of Landau's \Grundlagen der Analysis" is very clear: in the �rst section he
introduces �ve axioms. We annotate these axioms with the mathematical role \axiom",
give them the names \ax11" - \ax15" and classify them as unproved nodes. In the following
sections we have 6 de�nitions which we annotate with the mathematical role \de�nition",
give them names \def11" - \def16" and classify as unproved nodes. We have 36 proved
nodes with the mathematical role \theorem", named \th11" - \ th136" and with proofs
\pr11" - \pr136".

Some proofs are partitioned into an existential part and a uniqueness part. This parti-
tioning can be useful e.g. for Mizar where we have keywords for these parts of a proof. In
the Coq formalisation, we used this partitioning to generate two single proofs in the proof
skeleton which makes it easier to formalise.

Other proofs consist of di�erent cases which we annotate as unproved nodes with the
mathematical role \case". This can be translated in the Mizar \per cases" statement or
in single proofs in Coq. The DRa tree for sections 1 and 2 can beseen in �gure 5.5.

Figure 5.5.: The DRa tree of sections 1 and 2 of chapter 1 of Landau's book

The relations are annotated in a straightforward manner. Each proof justi�es its cor-
responding theorem. Some of the axioms depend on each other.Axiom 5 (\ax15") is the
axiom of induction. So every proof which uses induction,usesalso this axiom. De�nition
1 (\def11") is the de�nition of addition. Hence every node which uses addition alsouses
this de�nition. Some theorems use other theorems via texts like: \By Theorem ...". In
total we have 36 justi�es relations, 154 usesrelations, 6 caseOf, 3 existencePartOfand 3
uniquenessPartOfrelations. Figure 5.6 gives the DG of sections 1 and 2.1 This DG is
automatically produced from the DRa annotated text.

Figure 5.6.: The DG of sections 1 and 2 of chapter 1 of Landau'sbook

The GoTO of the example is also produced automatically.2 There are no errors or
warning in the document which means we have no loops in the GoTO, no proofs for
unproved nodes, no double proofs for a node and no missing proofs for proved nodes (see
section 3.4.4).

1Due to space limitations we only include the DG for sections 1 and 2. The DG for the whole chapter
can be found in the appendix.

2The GoTO of the whole chapter can be found in the appendix.
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5.1.5. Generation of the proof skeleton (SGa)

Since there are no errors in the GoTO, the proof skeleton can be produced without any
warnings. We have 8 di�erent mathematical roles in the document: axioms, de�nitions,
theorems, proofs, cases, case, existenceParts and uniquenessParts. We make a distinction
between cases and case because e.g. in Mizar we have a specialkeyword introducing cases
(per cases; ) and then keywords for each case (suppose ... ). So we annotated the cases
as child nodes of the case node. Table 5.2 gives an overview ofthe rules that were used to
generate the Mizar and the Coq proof skeleton. Since in Coq there are no special keywords
for uniqueness, existence or cases, these rules translate only the body of these nodes and
add no keywords.

Role Mizar rule Coq rule
axiom %name : %body ; Axiom %name : %body .
de�nition definition %name : %nl %body %nl end; Definition : %body .
theorem theorem %name: %nl %body Theorem %name %body .
proof proof %nl %body %nl end; Proof %name : %body .
cases per cases; %nl %body
case suppose %nl %body %nl end; %body
existencePart existence %nl %body %body
uniquenessPart uniqueness %nl %body %body

Table 5.2.: The Mizar and Coq rules for the dictionary

In table 5.3 we give a part of the skeleton for section 4 (Mizaron the left, Coq on the
right). 3

After generating the proof skeleton, we generated automatically the rich proof skeleton
as described in section 4.3.1. Taking the CGa annotations ofthe text into account we
could produce correct Coq code for almost every de�nition and every theorem. Only in
some de�nitions we needed to change the automatically produced code. The following
code is an extract of the rich skeleton:

Definition geq x y := (or (gt x y) (eq x y)).
Definition leq x y := (or (lt x y) (eq x y)).

Theorem th113 x y : (impl (geq x y) (leq y x)).
Proof.
...

Qed.

Theorem th114 x y : (impl (leq x y) (geq y x)).
Proof.
...

Qed.

Theorem th115 x y z : (impl (impl (lt x y) (lt y z)) (lt x z)).
Proof.
...

Qed.

Since we have special keywords for the implication 'impl' and 'or', we can add two
special De�nitions to the coq text:

3The complete output of the skeleton for Mizar and Coq for the w hole chapter can be found in the
appendix.
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theorem th131:
<th131>

proof
<pr131>
end;

theorem th132:
<th132>

proof

per cases;
suppose
<pr132case1>
end;

suppose
<pr132case2>
end;

suppose
<pr132case3>
end;

end;

Theorem th131: <th131> .

Proof.
<pr131>
Qed.

Theorem th132: <th132> .

Proof.

<pr132case1>

<pr132case2>

<pr132case3>

Qed.

Table 5.3.: Part of the Mizar (on the left) and Coq (on the right) output from SGa

Definition or A B := A \/ B.
Definition impl A B := A -> B.

We can then use a simpleunfold or or unfold impl to get the usual Coq representation
(with all its existing properties, lemmas and theorems). Ofcourse we could already trans-
late these words in the right way in the rich skeleton, but then we remove the possibility
for the user of choosing the interpretations in a completelyfree manner.

5.1.6. Completing the proofs in Coq

In this section we explain why the process of formalising a mathematical text into Coq
through MathLang is simpler than the formalisation of the text directly into Coq.

To begin with, we code the preface of the document (see table 5.1.1). The most com-
plicated section to code in Coq was the �rst one, because we had to translate the axioms
in a way we can use them productively in Coq. We de�ned the natural numbers as an
inductive set - just as Landau does in his book.

Inductive nats : Set :=
| I : nats
| succ : nats -> nats

Axioms 2 - 4 were already translated correct by the rich skeleton generation. For example
the annotation of axiom 3 (\ax13" ) in our document is:

<forall> We always have <> <x> <neq> <succ> <x>x 0 6= <1>1

November 20, 2008 83



5.1. CGa and TSa annotations

The automatic translation of SGa for this chunk of text is:

Axiom ax13 : forall x (neq (succ x) I) .

From the 36 theorems of the chapter 28 were translated completely correct into their
corresponding Coq theorems. For the remaining ones only small adjustments had to be
done.

Now, we want also to look at a simple proof and how it can be completed into Coq.
The encoding of theorem 2 of the �rst chapter in Coq is

theorem th12 x : neq (succ x) x .

Landau proves this theorem with induction. He �rst shows, that 10 6= 1 and then that
with the assumption of x0 6= x it also holds that (x0)0 6= x0.

Since we de�ned the natural numbers as an inductive set, we can also do our proof in
the Landau style. We introduce the variable x and eliminate it, which yields two subgoals
that we need to prove. These subgoals are exactly the induction basis and the induction
step.

Proof.
intro x. elim x.

2 subgoals
x : nats
______________________________________(1/2)
neq (succ I) I

_______________________________________________________________(2/2)
forall n : nats, neq (succ n) n -> neq (succ (succ n)) (succ n)

Landau proved the �rst case with the help of Axiom 3 which states, that for all x it holds
that x0 6= 1. We can just apply this axiom in Coq to prove the �rst case:

apply ax13.

1 subgoal
x : nats
_______________________________________________________________(1/1)
forall n : nats, neq (succ n) n -> neq (succ (succ n)) (succ n)

The next step is to introduce n as natural number and to introduce the induction hypoth-
esis:

intros N H.

1 subgoal
x : nats
n : nats
H : neq (succ n) n
______________________________________(1/1)
neq (succ (succ n)) (succ n)
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We see that this is exactly the second case of Landau's proof.He proved this case with
Theorem 1 - we do the same:

apply th11.

1 subgoal
x : nats
n : nats
H : neq (succ n) n
______________________________________(1/1)
neq (succ n) n

And of course this is exactly the induction hypotheses whichwe already have as an as-
sumption and we can �nish the proof:

assumption.

Proof completed.

The complete theorem and its proof in Coq �nally look like thi s:

Theorem th12 (x:nats) : neq (succ x) x .

Proof.
intro x. elim x.
apply ax13.
intros n H.
apply th11.
assumption.
Qed.

Of course there are some proofs within this chapter whose translation is not as easy
and straightforward as the proof of theorem 2 given above. But with the help of the CGa
annotations and the automatically generated rich proof skeleton, we have completed the
Coq proofs of the whole of chapter one in a couple of hours. Thecomplete Coq proof of
chapter 1 of Landau's book can be found in the appendix of thisreport.
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6. The new implementation of MathLang

The �rst implementation of MathLang was mainly programmed b y Manuel Maarek (with
some Contributions from Paul van Tilburg). It was written in the functional programming
language OCaml1. In this year the old implementation was completely replaced by a new
implementation of the whole MathLang framework in object oriented language Java2. In
this chapter we will take a look at the reasons why this was done and the improvements
and new features.

6.1. Reasons for the new implementation

The purpose of the old implementation was mainly to have a test system for all the ideas
and new concepts. After 8 years of development it is time to gopublic with MathLang
and to encourage other research groups and especially mathematicians to test and use our
system. The old implementation had some major disadvantages regarding this aim:

1. It relied on many Linux tools and was therefore only executable on these systems
(with some hacks also on OS X) and not on Windows (except from Cygwin)

2. Also under Linux its installation procedure was quite complex and had many depen-
dencies

3. It was only a command line tool with no graphical user interface (GUI)

4. It was reasonably fast for small �les but had a very bad runtime for big �les like the
�rst chapter of Landau's book (up to tens of hours).

We realised that these drawbacks are unconducive for a promotion of MathLang within
other groups. So we decided to re-implement the complete framework and address all of
the upper points. We decided for the programming language Java because it guarantees us
a platform-independent, easy-to install solution with good support for graphical interfaces
and reasonable speed.

Thus the new implementation is

1. platform independent and runs without problems on Linux, OS X and Windows

2. not dependent on any other third party libraries and therefore only requires an
installed Java environment (which is standard on most operating systems)

3. has a graphical user interface for easy manipulation of parameters, investigating the
current environment, representation of the graphs, etc.

4. very fast in checking documents. Even the checking of the whole �rst chapter of the
Landau book with thousands of annotations only lasts under one second

1http://caml.inria.fr/
2http://java.sun.com

86



6.2. Basic concept

6.2. Basic concept

The basic concept of the implementation stays the same as in the old implementation: The
input formats are �rst converted to an internal XML represen tation. The type checking
is performed on this XML format. From this representation we can produce di�erent
outputs like DG, GoTO, proof skeleton for Coq or Isabelle or the plaintext (e.g. if the
input method was via the TEXMACS plugin). Figure 6.1 summarises the concept.
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Figure 6.1.: The overview of the new implementation's concept

The central element is the DOM (Document Object Model) graph. This graph represents
the XML structure of the document. The CGa and DRa informatio n of a MathLang
document is stored directly in this DOM graph and therefore the two checkers for CGa
and DRa both communicate with the DOM graph. We see two di�erent input formats:

1. Plaintext documents are passed to a parser which creates an abstract syntax tree
which is then translated into the XML representation.

2. TEXMACS documents are passed to a client in MathLang's TEXMACS plugin. This
client communicates the contents of the �le to the server which translates it into
XML. The feedback is again passed to the client which displays it directly in the
TEXMACS �le.
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The CGa checker can produce type errors which are then printed. The DRa requires its
con�guration �le (see section 3.2.2) and can produce a interactive view of the graph in
the GUI or an output of the graph as an .dot �le. If an error occu rs, a DRa error is
printed. The SGa module gets its information also from the DOM graph. It requires
a con�guration �le for the respective theorem prover at hand and can produce a proof
skeleton or a rich proof skeleton via the skeleton printer. Furthermore we can print the
XML document or the plaintext document via the plaintext or t he XML printer. We can
always produce a plaintext output, even if the input was a TEXMACS �le. This feature is
new in this implementation and is very helpful to see connections between an annotated
text and its plaintext representation.

The internal representation of the whole document as DOM graph guarantees that
the framework is easy to extend. New aspects can communicatewith this graph to get
all required information about the current document. E.g. the implementation of the
SGa was just 'docked' to this DOM graph and required no changes in any other parts
of the implementation. This fact is especially important when we plan to allow other
mathematical metalanguages like OMDoc or OpenMath to use our checking engines. They
only need a translation from their XML representation of a document in our representation
(e.g. with the help of XSLT).

6.3. New features

6.3.1. Graphical user interface

The most obvious new feature of the new implementation is theuser interface (see �gure
6.2). The whole framework is controllable from a single-window application. We use tabs
for the di�erent views of a document. At the moment we have tabs for the plaintext, the
XML representation, the DG, the GoLP (the predecessor of theGoTO), the GoTO, the
Isabelle and Coq translations and a special view for summarytrees used by the Isabelle
translation.

On the bottom of the GUI there is a log which gives information about errors or success
messages. At the right hand side there are the control elements to check documents,
generate output formats or change parameters. There is alsoa table with the current
environment. This new feature displays the environment of adocument after checking
it (see �gure 6.3). This can often be very helpful in �nding er rors in the encoding of a
document.

For the plaintext editor we included syntax highlighting of MathLang keywords like
term; set, etc. This helps the user to see common spelling mistakes andgives a better
overview of the current document. Nevertheless we will not spend more e�ort on the
plaintext editor since it is not our primary goal that people write plaintext.

6.3.2. Interactive view of the graphs

In the old implementation we could generate graphs only within TEXMACS and only in the
.dot output format. We kept this possibility but extended it with some features. We can
now produce the DRa graphs (DG and GoTO) also from plaintext or XML documents.
And { more important { we have a interactive view for the graph s. This means, we can see
immediately when we change the structure of a document how the DRa graph is a�ected.
We can also drag & drop single nodes of the graph an adjust someto our preferences.
Figure 6.4 gives an example of such an interactive graph.
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Figure 6.2.: The new GUI of MathLang

Figure 6.3.: The environment view of the new GUI

We plan to extend the possibilities of this graph view in the future. We want to add
zooming thus that one can zoom in the structure of a document,beginning with its DRa
structure (or perhaps even a library structure) down to the CGa level. We will also add
functions to fold and unfold certain nodes which can help to make a big graph more
readable and understandable. The visualisation of mathematics is a very broad �eld and
we hope that we can extend our framework within the next time.

November 20, 2008 89



6.3. New features

Figure 6.4.: An interactive graph of the new GUI

6.3.3. Implementation of DRa

For the �rst time we implemented the checking for DRa annotat ions. In the old implemen-
tation we could only produce graphs out of the annotations. In the new implementation
we check the DRa annotations like described in chapter 3. We also added the possibility
to check CGa with DRa in combination (see section 3.5). Thereis an option in the GUI
to activate this mode if wished.

6.3.4. Speed improvisation

The major drawback of the old implementation was its speed. For large documents like
the �rst chapter of the Landau book a complete CGa check couldtake up to 40 hours. The
new implementation can do the same task under one second. There are several reasons
why the new implementation is so much faster:

1. Typing rules: We have rewritten all typing rules in order to generate a fast im-
plementation. We do not use anymore the concepts of refereesfor certain typings
like the original implementation but we use an iterative environment which is built
throughout the process of checking the document.

2. Parser: We use the CUPS parser framework for the generation of very e�ective
parsers. This parser is much more e�cient than the old hand written one.

3. Data structures: Throughout the implementation we make heavily use of Java's
intern e�cient data structures like hashmaps or hashsets and chose all algorithms
very carefully regarding their runtime.

These considerations lead to a very fast implementation of the CGa and DRa checker and
the skeleton generation. We have done some benchmark to compare the performance of the
old and the new system. We want to show the following graph (�gure 6.5), demonstrating
the runtime curves of the old and the new system dependent of the lines of input of a
plaintext �le. For a 100 line input the old implementation re quired already 8 seconds
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whereas the new implementation required 0.1 second (most ofthe time spent for reading
the input). For a 800 line input, the new implementation stil l required only 0.2 seconds,
the old implementation required already 220 seconds. Especially the growth factor of the
old implementation was crucial. It was not linear in the size of the input but at least
quadratic (due to its typing rules and their implementation ).

Figure 6.5.: A comparison between the old and the new implementation of MathLang
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7. Contributions of the PhD student during
his �rst year

This chapter summarises the contribution of the PhD student in his �rst year. All the
work mentioned here emerged in close collaboration with hissupervisor Professor Fairouz
Kamareddine.

7.1. Familiarise with the MathLang framework

The �rst month was spent with familiarising with the MathLan g framework, mainly by
studying all publications and Maarek's PhD thesis. But also a lot of other work related
to this area was studied. The bibliography of this report gives an overview of studied
literature.

7.2. Implementation

The student re-implemented the complete MathLang softwareas described in chapter 6.
The implementation took about 3 months and is still ongoing. The student created the
complete design, speci�cation, and implementation (about4500 lines of code). Krzysztof
Retel implemented an export for .dot �les of the existing DG and the GoTO graph data
structures. Robert Lamar is currently implementing his tra nslation rules for Isabelle. He
also contributed bug �xes and suggestions to the current implementation.

7.3. Typesystem

The student wrote the new typing rules which are implementedin the current implemen-
tation. These typing rules are very closely related to the original work of Kamareddine,
Maarek and Wells [15, 16, 13, 23]. But there are many important di�erences to the old
typesystem like the introduction of the environments or the combination with DRa check-
ing. The student also corrected some minor errors in the original typing rules.

7.4. Formalisation of DRa

The student gave for the �rst time a formal view on the DRa as seen in chapter 3. All
de�nitions of the GoTO (which replaced the former GoLP), the formal description of the
DG, the algorithms to generate the DG and the algorithms for checking the GoTO evolved
in this year. This work continues the work of Krzysztof Retel who mainly developed the
DRa and is writing his thesis at the moment.
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7.5. Formalisation of CGa and TSa

The student developed for the �rst time a formal view on the annotations of the TSa and
their connection to the CGa part of the MathLang framework. T he combination of these
two aspects as seen in chapter 2 was not done before.

7.6. The new SGa aspect

The SGa was developed completely in the student's �rst year. The idea to this aspect
was a logical continuation of the work started by Retel. The main aim was an automation
of the proof skeletons like presented in [12, 11]. A comparison between these hand made
skeletons (in Mizar) and the automatically generated proofskeletons by the SGa shows
that they are nearly identical and therefore this aim was reached.

7.7. Encoding of Landau's �rst chapter

The student formalised the �rst chapter of Landau's book as described in chapter 5 of
this report. He did all the CGa and DRa annotation, generated the proof and rich proof
skeleton and completed the proofs in Coq. At the moment the student works on a formal-
isation of the second chapter and plans to �nish the book in the next year (see chapter
8). Besides this big formalisation a lot of small examples were created and annotated or
old examples were updated.

7.8. Publications

Together with Kamareddine and Wells the student submitted a paper to an special issue
of the Journal of the Interest Group on Pure and Applied Logics devoted to complete
journal versions of works presented during the Second Workshop on Logical and Semantic
Frameworks, with Applications - LSFA 2007. This paper was submitted in May and
presented the new developed SGa. This paper is currently under review.

7.9. Trac, Wiki for the MathLangproject

The student installed and maintains a trac and wiki system for the MathLang project.
This helps all members of the MathLang project to gather the knowledge and watch the
status of the implementation.

7.10. MKM Conference

The student attended the MKM (Mathematical Knowledge Management) 2008 conference
in Birmingham and gave a talk in the Doctoral Symposium there1.

1The slides of this talk can be downloaded on the student's homepage at: www.zengler.eu
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8. Objectives for the next year

8.1. LIa { the LATEX input aspect

At the moment the author has two di�erent possibilities to co mmunicate with the Math-
Lang framework: Either with plaintext �les or with annotati ng chunks of text in TEXMACS .
The �rst possibility is not really recommended because it would induce rewriting the math-
ematical text. The TEXMACS annotations work �ne for small texts, but we realised, that
TEXMACS is not very widely used within the mathematical community. T herefore we think
it is crucial to add support for LATEX �les in the MathLang framework. In addition we
want to introduce automation for the annotating steps to simplify the process of anno-
tating mathematical texts. At the moment the author has to an notate each single chunk
of text with its corresponding linguistic role, its mathematical and structural role and
its interpretation. We want to shorten this process dramatically by providing a dynamic
parser for annotating text automatically \on the 
y".

8.1.1. Overview of LIa

Figure 8.1 gives an overview of the complete LATEX input aspect. In a �rst step the user
annotates some general information in the LATEX �le (like in the preface of an TEXMACS
document). Then the system tries to detect symbols declaredor de�ned in the text and
extending the parser dynamically. The user can interact at this stage and annotate its
own declarations and de�nitions and/or correct the detected ones. In step 3 scanner
and parser for all detected symbols and user annotations arecreated. There will also be
a prede�ned library of standard mathematical symbols, like ^ ; _ ; � , etc. which can be
overwritten if required. The formulas of the document are then scanned and parsed and
the output is shown to the user who can correct things if necessary. In the next step the
text is structured in terms of MathLang steps and local scopings. Here we will use some
prede�ned rules and again user annotations. In the �fth step the DRa information will
be derived { again as a combination of automatic parsing and taking user annotations
into account. In the last step we can produce di�erent output documents. There is of
course the MathLang XML �le or the MathLang plaintext �le whi ch we can produce, but
also the expanded annotated LATEX �le, where each annotation is explicitly written in the
source �le. From this �le we want then produce a semantically annotated PDF �le where
all the information included in the LATEX �le is exported into the PDF format. In the next
sections we will take a closer look on each single step.

8.1.2. The original LATEX �le

We consider the following little LATEX source code (without the preamble like document
de�nitions and package imports).

Let $A,B,C$ be sets.

\begin{defn}
\label{def1}
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Figure 8.1.: Overview of LIa

$A \subset B \Longleftrightarrow \forall x, x \in A \Longrig htarrow x \in B$
\end{defn}

\begin{prop}
$A \subset B \wedge B \subset C \Longrightarrow A \subset C$

\end{prop}
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\begin{proof}
Let us assume that $A \subset B \wedge B \subset C$. We have to p rove
that $A \subset C$. According to definition \ref{def1}, let take any $x$, and
assume that $x \in A$.

Then, from first assumption and definition \ref{def1},
$x \in B$, and hence (first assumption and definition \ref{d ef1}) $x \in
C$. This proves that $A \subset C$, from definition \ref{def 1} and the fact
that we have taken any arbitrary $x$.

\end{proof}

The output of this piece of code is:

Let A; B; C be sets.

De�nition 8.1 A � B () 8 x; x 2 A =) x 2 B

Proposition 8.1 A � B ^ B � C =) A � C

Proof Let us assume thatA � B ^ B � C. We have to prove that A � C. According to
de�nition 8.2, let take any x, and assume thatx 2 A.

Then, from �rst assumption and de�nition 8.2, x 2 B , and hence (�rst assumption and
de�nition 8.2) x 2 C. This proves that A � C, from de�nition 8.2 and the fact that we
have taken any arbitrary x. �

8.1.3. Step 1: Annotating the �le

The user annotates some information which can not be obviously derived from the text.
All annotations in the LIa are written as LATEX comments. This guarantees that our
annotations do not interfere the compilation of the document and that the documents
always stays a legal LATEX document.

For the CGa part we need di�erent annotations. E.g. we want to declare some used
symbols which are not declared or de�ned in the text. In the example �le these are
^ ; 2 ; =) and 8. We also have to de�ne if these symbols are in�x, pre�x or post�x. A
corresponding piece of code could look like this:

@MLcga infix \wedge : stat -> stat -> stat
@MLcga infix \in : term -> set -> stat
@MLcga infix \Longrightarrow : stat -> stat -> stat
@MLcga prefix \forall : dec(term) -> stat -> stat

The declarations of these symbols could also be derived fromthe library of common
mathematical symbols, but sometimes it can be necessary to overwrite these declarations.

November 20, 2008 96



8.1. LIa { the LATEX input aspect

8.1.4. Step 2: Recognise declarations and de�nitions

We have three obvious declarations and one de�nition in thisdocument: A; B and C are
declared as sets and the symbol� is de�ned. We want to support di�erent techniques to
detect declarations and de�nitions. One of these can be a heuristics for common mathe-
matical phrases like \let ... be ..." or \given ... as ...". So we could detect the phrase \Let
A; B; C sets" as a declaration. The fact that these are in fact three declarations can be
detected with a mechanism similar to the mapping of TSa. So weare able to detect the
three declarations ofA; B and C as sets.

The de�nition
A � B () 8 x; x 2 A =) x 2 B

is more complicated because we do not necessarily know whichsymbol is de�ned. In this
case it is obvious because it is the only symbol which is not introduced so far. But there
is also the () which is not a common symbol for a de�nition. If we do not detect this
de�nition automatically, the user can annotate it manually by e.g. writing:

@MLcga defsym : \Longleftrightarrow

This tells the system that there is a de�nition with the de�ni endum left of it and the
de�niens right of it. But of course this can still not be enough information, so the user
should always have the possibility to annotate more information or to annotate the whole
de�nition manually.

In terms of the classical TSa annotation we get the followingannotations:

<A>A , <A>B , <C>C , A � B () 8 <x>x , x 2 A =) x 2 B

We see, that at this stage we do not have an information about the linguistic role of the
new de�ned symbol � because this is not explicitly stated in the text. One way to detect
it is by deriving the linguistic category of the right hand si de of () which is stat (because
we declared8 to have the type dec(def) ! stat ! stat). This is just the way as the typing
rule phr-def derives the type of a new de�ned identi�er in a CGa text. The te rm x is
also annotated as declaration, because we de�ned 'forall' with the �rst argument to be a
declaration. Therefore we can detect this declaration.

There is one more declaration which is not as obvious as the others, but the phrase \let
take any x" is similar to a local declaration of this x which means it is introduced in this
paragraph and can then be used. This declaration could also be derived by a heuristics
like in the �rst example.

8.1.5. Step 3: Build scanner & parser

From the information annotated by the user in step 1, the derived and user annotated
information of step 2 and the library of common mathematical symbols, a scanner and
parser for this text can now be generated automatically. Forour example the grammar
looks like this:

SET := A | B | C
TERM := x
STAT := STAT \wedge STAT

| TERM \in SET
| STAT \Longrightarrow STAT
| \forall DEC, STAT

DEC := TERM
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When the �le is now parsed with this newly generated parser, we can derive the following
annotations (again in TSa view):

Let <> <A>A , <> <A>B , <> <C>C be sets.

De�nition 8.2

<> <subset> <A>A � <B>B () <forall> 8 <> <x>x , <impl> <in> <x>x 2 <A>A =) <in> <x>x 2 <B>B

Proposition 8.2

<impl> <wedge> <subset> <A>A � <B>B ^ <subset> <B>B � <C>C =) <subset> <A>A � <C>C

Proof Let us assume that <wedge> <subset> <A>A � <B>B ^ <subset> <B>B � <C>C . We have to prove

that <subset> <A>A � <C>C . According to de�nition 8.2, <> <x>let take any x ,and assume that

<in> <x>x 2 <A>A Then, from �rst assumption and de�nition 1, <in> <x>x 2 <B>B , and hence (�rst

assumption and de�nition 1) <in> <x>x 2 <C>C . This proves that <subset> <A>A � <C>C , from de�nition

8.2 and the fact that we have taken any arbitrary x . �

Here we have to perhaps perform some �ne tuning. E.g. the single x in the last sentence
should not be annotated at all because it just emphasises an already known fact. Also
the phrase \We have to prove that A � C" should not really be annotated, because it
also just repeats the statement which should be proved. We have to think about ways to
annotate such exceptions.

8.1.6. Step 4: Structure the document

After step 3 we should have annotated all chunks of text of therolesterm; set; noun; adj; stat; dec
and def. As a last part of the CGa) annotations we have the steps and local scopings which
give us a structure on the sentence level of our text. Here again we can use some heuristics
to detect these structures, phrases like 'hence', 'then', 'it follows' give a hint for local scop-
ings. LATEX environments and paragraphs can be seen as clues about the step structure
of a document. In our example we could automatically detect that the whole de�nition is
a step or the whole proposition. For the proof we could do somemanual annotating by
providing the information:

\begin{proof}
%@MLcga begin local
Let us assume that $A \subset B \wedge B \subset C$. We have to p rove
that $A \subset C$. According to definition \ref{def1}, let take any
$x$, and assume that $x \in A$.
%@MLcga end local
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Then, from first assumption and definition \ref{def1},
$x \in B$, and hence (first assumption and definition \ref{d ef1}) $x \in
C$. This proves that $A \subset C$, from definition \ref{def 1} and
the fact that we have taken any arbitrary $x$.

\end{proof}

This indicates that the �rst part of the proof is locally scop ed (thus it is a context). After
this step the text should be completely CGa annotated. If we look at its TSa view, we
get the annotations like in �gure 8.2

Figure 8.2.: Final detected CGa annotations

8.1.7. Step 5: Detect DRa

For the DRa part we could e.g. annotate which LATEX environments correspond to which
mathematical roles of DRa. Thus we want to match the environment defn with the math-
ematical role 'de�nition', the environment prop with the mathematical role 'proposition'
and proof with 'proof'. A corresponding annotation in the LATEX document could look
like this:

@MLdra defn : definition
@MLdra prop : proposition
@MLdra proof : proof

There could be also a prede�ned mapping of common environments to common mathe-
matical roles which the user can extend. The declarations which we found in step 2 can
also be automatically annotated. After this detection we have the picture like in �gure 8.3.
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Figure 8.3.: Final detected CGa and DRa annotations

To detect relations between these chunks of text we can use the textual order as seen in
chapter 4. E.g. the proposition uses the subset symbol de�ned in the de�nition. Thus we
can add a relation edgeusesbetween the proposition and the de�nition. With the same
argument we can add a relation edgeusesbetween the proof and the de�nition. Another
way of identifying relations is to look at the references in the LATEX document. The proof
e.g. references to the de�nition. So we could detect this relation also automatically. And
of course the user should be able to write the RDF triples justlike we have seen in chapter
4 manually in the LATEX �le.

8.1.8. Step 6: Generate output

After step 5 the document should be completely annotated. Wecan then produce di�erent
output �les. Our LATEX �le does now look like this:

@MLcga infix \wedge : stat -> stat -> stat
@MLcga infix \in : term -> set -> stat
@MLcga infix \Longrightarrow : stat -> stat -> stat
@MLcga prefix \forall : dec(term) -> stat -> stat

@MLdra defn : definition
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@MLdra prop : proposition
@MLdra proof : proof

Let $A,B,C$ be sets.

@MLcga defsym : \Longleftrightarrow
\begin{defn}
\label{def1}
$A \subset B \Longleftrightarrow \forall x, x \in A \Longrig htarrow x \in B$
\end{defn}

\begin{prop}
$A \subset B \wedge B \subset C \Longrightarrow A \subset C$

\end{prop}

\begin{proof}
%@MLcga begin local
Let us assume that $A \subset B \wedge B \subset C$. We have to p rove
that $A \subset C$. According to definition \ref{def1}, let take any
$x$, and assume that $x \in A$.
%@MLcga end local

Then, from first assumption and definition \ref{def1},
$x \in B$, and hence (first assumption and definition \ref{d ef1}) $x
\in C$. This proves that $A \subset C$, from definition \ref{ def1}
and the fact that we have taken any arbitrary $x$.

\end{proof}

We can produce the MathLang internal XML representation of the �le or we can generate
MathLang plaintext from the �le. The plaintext version of ou r example is:

{
and(stat,stat) : stat;
impl(stat,stat) : stat;
in(term,set) : stat;
forall(dec(term),stat) : stat;

[node did@dec1
A : set;

];
[about did@dec1 hasMRR@declaration];

[node did@dec2
B : set;

];
[about did@dec2 hasMRR@declaration];

[node did@dec3
C : set;

];
[about did@dec3 hasMRR@declaration];

[node did@def1
subset(A,B) := forall(x:term,impl(in(x,A),in(x,B)));

];
[about did@def1 hasMRR@definition];

[node did@prop1
impl(and(subset(A,B),subset(B,C)),subset(A,C));

];
[about did@prop1 hasMRR@proposition];
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[node did@pr1
{

and(subset(A,B),subset(B,C));
x : term;
in(x,A);

} |> {
in(x,B);
in(x,C);
subset(A,C);

};
];
[about did@pr1 hasMRR@proof];
};

We can also produce an extended annotated LATEX �le expand all the annotations to
the whole text and write the annotations as LATEX macros inside the original �le. The
output is then:

Let \MLmap{\MLdecl{$\MLlist{\MLset{A}{A},\MLset{B}{B },
\MLset{C}{C}}$ be \MLset{sets}}}.

\MLDra{def1}{
\begin{defn}
\label{def1}
$\MLdef{\MLstat{subset{\MLset{A}{A} \subset \MLset{B} {B}}

\Longleftrightarrow \MLstat{forall}{\forall \MLdecl{\ MLterm{x}{x}},
\MLstat{impl}{\MLstat{in}{\MLterm{x} \in \MLset{A}{A} }
\Longrightarrow x \in \MLset{B}{B}}}}$

\end{defn}
}

\begin{prop}
$\MLstat{impl}{\MLstat{and}

{\MLstat{subset}{\MLset{A}{A} \subset \MLset{B}{B}}
\wedge \MLstat{subset}{\MLset{B}{B} \subset \MLset{C}{ C}}}
\Longrightarrow \MLstat{subset}{\MLset{A}{A} \subset \ MLset{C}{C}}}$

\end{prop}

\begin{proof}
Let us assume that $\MLstat{and}{\MLstat{subset}
{\MLset{A}{A} \subset \ML{B}{B}} \wedge \MLstat{subset} {\MLset{B}{B}
\subset \MLset{C}{C}}}$. We have to prove that $\MLstat{su bset}
{\MLset{A}{A} \subset \MLset{C}{C}}$. According to defin ition
\ref{def1}, let take any $\MLdecl{}{\MLterm{x}{x}}$, and assume
that $\MLstat{in}{\MLterm{x}{x} \in \MLset{A}{A}}$.

Then, from first assumption and definition \ref{def1},
$\MLstat{in}{\MLterm{x}{x} \in \MLset{B}{B}}$, and henc e (first
assumption and definition \ref{def1}) $\MLstat{\MLterm{ x}{x} \in
\MLset{C}{C}}$. This proves that $\MLstat{subset}{\MLse t{A}{A}
\subset \MLset{C}{C}}$, from definition \ref{def1} and th e fact
that we have taken any arbitrary $\MLterm{x}$.

\end{proof}

From this �le we can e.g. generate a version with coloured boxes around the respective
chunks of text, looking like the TEXMACS interface. Another option is to export these
annotations to a PDF �le and the output is then a semantically annotated PDF �le which
can be further processed by search engines or other mathematical systems.

November 20, 2008 102



8.2. NLa { the natural language aspect

8.1.9. User interface

It should be possible to write all annotations of the 6 steps in plaintext in a LATEX �le
(for experiences users), but we plan also a user interface, that helps the user annotating
a LATEX �le and/or correcting automatic annotations. The system w ill be similar to the
TSa. All automatic derived annotations will be displayed with coloured boxes and the
user has the possibility to change these boxes or create new boxes. The changes are then
written as annotations to the LATEX �le.

8.2. NLa { the natural language aspect

With the LIa we can handle texts with a lot of formulas like Lan dau's \Grundlagen der
Analysis" [22], but if we go to mathematical texts which have a great portion of natural
language we will not succeed. We can perfectly handle formulas of the kind A � B with
the upper proposal, but the automatically generated parserof the last section is to weak
to parse phrases like e.g. \A is a subset ofB " or \let A be subset of the setB ". Of
course we could add the word 'subset' to the parser and treat it like a symbol, but there
are still little English words like 'is a', 'of the set' or 'be ' which we cannot parse. The
solution could be some kind of partial parsing. In the example of the sentence \A is a
subset ofB " we can detect the two set identi�ers A and B and the word 'subset'. Since
we declared subset as an in�x symbol, written between two sets, we could automatically
infer the meaning of this sentence and just skip the unknown words.

In addition to this partial parsing we can use heuristics for natural language. We have
already seen that there are many common phrases in mathematical texts like \let ... be
..." or \assume that...". The idea is to take a large amount of mathematical texts (at the
moment we use all the mathematical and computer science papers of the arXiv1 { around
15.000 papers) and try to �nd common phrases. The most commonphrases could then be
\pre-annotated" and used in our natural language heuristics. E.g. a phrase \let formula

a be formula b" can be pre-annotated as a declaration formula a formula b .

With a natural language component we could also be able to parse sentences which give
us information about the object oriented structure of a text. If we have e.g. a phrase
\a monoid is an algebraic structure with a single, associative binary operation and an
identity element" 2 and we have already e.g. found nouns for 'operation' and 'identity
element' and an adjective 'binary' we could automatically create a new noun 'monoid'
with two characters 'binary operation' and 'identity eleme nt'.

A natural language component would a�ect the steps 2 - 5 (see �gure 8.4) as we could
use it for detecting declarations and annotations, parsingthe whole document, detecting
the stepwise structure of the document and also for �nding mathematical and rhetorical
roles and relation edges between chunks of text.

8.3. Extending the scope of MathLang

After �nishing the LIa of MathLang we are able to handle and manipulate (in terms
of annotating) TEXMACS �les, LATEX �les and MathLang plaintext �les. The idea is to
extend this scope to other formats like e.g. OMDoc [20], OpenMath [26] or MathML [1]
documents. These meta languages use partially similar concepts as MathLang. There is

1http://arxiv.org
2http://en.wikipedia.org/wiki/Monoid
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Figure 8.4.: Overview of the NLa

the possibility (and the interest of the respective research groups) to have an interface to
the MathLang framework to be able to e.g. check rhetorical annotations of an OMDoc
document for validity (as shown in chapter 3) or to translate parts of an OpenMath or
(content) MathML document into the formal language of a theorem prover (as shown in
chapter 4).
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8.4. Building a library of mathematical texts

Since the start of the project many PhD, B.Sc. and M.Sc. students helped to build a
library of mathematical texts for MathLang. We want to conti nue this work. One of
the aims is to have a complete path of the whole Landau \Grundlagen der Analysis"
throughout all aspects of MathLang. We have done this already for chapter 1 of the book,
where we have all the CGa and DRa annotations, the proof skeleton and rich proof skeleton
and the complete formalised version in Coq. We have the complete CGa annotations for
chapter 2 and 4 and are at the moment formalising chapter 2.

With the LIa we have also the possibility of doing automatic tests on a large amount
of papers. We can e.g. use the LATEX documents of the arXiv to test our current imple-
mentation and get success rates in terms of how many valid MathLang documents we can
produce.

8.5. Timeline
Time LIa NLa Library Extending

scope
December /
January

Step 1: general
annotations,
LATEX parsing,
User interface

Building sys-
tem to process
papers of the
arXiv and auto-
matically gather
information

Landau chapter 2
+ 4

February -
April

Steps 2 & 3:
detection of dec-
larations and
de�nitions and
dynamical parser
generation

Gather common
mathematical
phrases, build
system for inte-
grating natural
language in LIa

Landau chapter 3
+ 5

Interface for OM-
Doc rhetorical
roles

May - July Steps 4 & 5:
detecting and an-
notate step struc-
ture of a docu-
ment and DRa in-
formation

Pre-annotating of
common phrases,
integrating natu-
ral language in
the CGa part of
LIa

tba Interfaces for
OpenMath and
content MathML
texts

August - Octo-
ber

Step 6: out-
put generation
(coloured boxes
output, extended
annotated LATEX
�le, semantically
annotated PDF)

integrating natu-
ral language in
the DRa part of
LIa

tba

November 2nd year report

8.6. System overview

Figure 8.5 gives an overview of the extended MathLang framework with LIa and NLa.
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B.1. The DG of section 1 + 2
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B.2. The DG of section 1 - 3

B.2. The DG of section 1 - 3

Note that the next level compared to the DG of the last page areall children of the
Document node. For better readability we ommitted the childOf edges for this level.
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B.3. The DG of section 1 - 4
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C.1. The GoTO of section 1 + 2
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D. The Mizar Proof Skeleton

ax11:
<ax11>;

ax12:
<ax12>;

ax13:
<ax13>;

ax14:
<ax14>;

ax15:
<ax15>;

theorem th11:
<th11>

proof
<pr11>

end;

theorem th12:
<th12>

proof
<pr12>

end;

theorem th13:
<th13>

proof
<pr13>

end;

definition def11:
<def11>

end;

theorem th14:
<th14>

proof

uniqueness:
<pr14uniqueness>

existence:
<pr14existence>

end;

theorem th15:
<th15>
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proof
<pr15>

end;

theorem th16:
<th16>

proof
<pr16>

end;

theorem th17:
<th17>

proof
<pr17>

end;

theorem th18:
<th18>

proof
<pr18>

end;

theorem th19:
<th19>

proof

uniqueness:
<pr19uniqueness>

existence:
<pr19existence>

end;

definition def12:
<def12>

end;

definition def13:
<def13>

end;

theorem th110:
<th110>

proof
<pr110>

end;

theorem th111:
<th111>

proof
<pr111>

end;

theorem th112:
<th112>

proof
<pr112>

end;
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D. The Mizar Proof Skeleton

definition def14:
<def14>

end;

definition def15:
<def15>

end;

theorem th113:
<th113>

proof
<pr113>

end;

theorem th114:
<th114>

proof
<pr114>

end;

theorem th115:
<th115>

proof
<pr115>

end;

theorem th116:
<th116>

proof
<pr116>

end;

theorem th117:
<th117>

proof
<pr117>

end;

theorem th118:
<th118>

proof
<pr118>

end;

theorem th119:
<th119>

proof

per cases;

suppose
<p119case1>
end;

suppose
<p119case2>
end;

suppose
<p119case3>
end;
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end;

theorem th120:
<th120>

proof
<pr120>

end;

theorem th121:
<th121>

proof
<pr121>

end;

theorem th122:
<th122>

proof
<pr122>

end;

theorem th123:
<th123>

proof
<pr123>

end;

theorem th124:
<th124>

proof
<pr124>

end;

theorem th125:
<th125>

proof
<pr125>

end;

theorem th126:
<th126>

proof
<pr126>

end;

definition def16:
<def16>

end;

theorem th128:
<th128>

proof

uniqueness:
<pr128uniqueness>

existence:
<pr128existence>

end;
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theorem th129:
<th129>

proof
<pr129>

end;

theorem th130:
<th130>

proof
<pr130>

end;

theorem th131:
<th131>

proof
<pr131>

end;

theorem th132:
<th132>

proof

per cases;

suppose
<p132case1>
end;

suppose
<p132case2>
end;

suppose
<p132case3>
end;

end;

theorem th133:
<th133>

proof
<pr133>

end;

theorem th134:
<th134>

proof
<pr134>

end;

theorem th135:
<th135>

proof
<pr135>

end;

theorem th136:
<th136>

proof
<pr136>

end;
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E. The Coq Proof Skeleton
Axiom ax11: <ax11> .

Axiom ax12: <ax12> .

Axiom ax13: <ax13> .

Axiom ax14: <ax14> .

Axiom ax15: <ax15> .

Theorem th11: <th11> .
Proof.

<pr11>
Qed.

Theorem th12: <th12> .
Proof.

<pr12>
Qed.

Theorem th13: <th13> .
Proof.

<pr13>
Qed.

Definition : <def11> .

Theorem th14: <th14> .
Proof.

<pr14uniqueness>
<pr14existence>

Qed.

Theorem th15: <th15> .
Proof.

<pr15>
Qed.

Theorem th16: <th16> .
Proof.

<pr16>
Qed.

Theorem th17: <th17> .
Proof.

<pr17>
Qed.

Theorem th18: <th18> .
Proof.
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<pr18>
Qed.

Theorem th19: <th19> .
Proof.

<pr19uniqueness>
<pr19existence>

Qed.

Definition : <def12> .

Definition : <def13> .

Theorem th110: <th110> .
Proof.

<pr110>
Qed.

Theorem th111: <th111> .
Proof.

<pr111>
Qed.

Theorem th112: <th112> .
Proof.

<pr112>
Qed.

Definition : <def14> .

Definition : <def15> .

Theorem th113: <th113> .
Proof.

<pr113>
Qed.

Theorem th114: <th114> .
Proof.

<pr114>
Qed.

Theorem th115: <th115> .
Proof.

<pr115>
Qed.

Theorem th116: <th116> .
Proof.

<pr116>
Qed.

Theorem th117: <th117> .
Proof.

<pr117>
Qed.
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E. The Coq Proof Skeleton

Theorem th118: <th118> .
Proof.

<pr118>
Qed.

Theorem th119: <th119> .
Proof.

<pr119case1>
<pr119case2>
<pr119case3>

Qed.

Theorem th120: <th120> .
Proof.

<pr120>
Qed.

Theorem th121: <th121> .
Proof.

<pr121>
Qed.

Theorem th122: <th122> .
Proof.

<pr122>
Qed.

Theorem th123: <th123> .
Proof.

<pr123>
Qed.

Theorem th124: <th124> .
Proof.

<pr124>
Qed.

Theorem th125: <th125> .
Proof.

<pr125>
Qed.

Theorem th126: <th126> .
Proof.

<pr126>
Qed.

Definition : <def16> .

Theorem th128: <th128> .
Proof.

<pr128uniqueness>
<pr128existence>

Qed.

Theorem th129: <th129> .
Proof.

<pr129>
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Qed.

Theorem th130: <th130> .
Proof.

<pr130>
Qed.

Theorem th131: <th131> .
Proof.

<pr131>
Qed.

Theorem th132: <th132> .
Proof.

<pr132case1>
<pr132case2>
<pr132case3>

Qed.

Theorem th133: <th133> .
Proof.

<pr133>
Qed.

Theorem th134: <th134> .
Proof.

<pr134>
Qed.

Theorem th135: <th135> .
Proof.

<pr135>
Qed.

Theorem th136: <th136> .
Proof.

<pr136>
Qed.
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F. Rich proof skeleton for chapter 1 of
Landau in Coq

Axiom ax12 : forall (x), (exists_one (x') (eq x x'))

Hypothesis hyp1 : forall (x) (y), (eq (succ x) (succ y)) .

Axiom ax13 : forall (x) (y), (eq (succ x) (succ y)) -> (eq x y) .

Theorem th11 (x) (y) : (neq x y) -> (neq (succ x) (succ y)) .

Proof.
<pr11>
Qed.

Theorem th12 (x) : (neq (succ x) x) .

Proof.
<pr12>
Qed.

Theorem th13 (x) : (neq x I) -> (exists_one u (eq x (succ u))) .

Proof.
<pr13>
Qed.

Definition .

Theorem th15 (x) (y) (z) : (eq (plus (plus x y) z) (plus x (plus y z))) .

Proof.
<pr15>
Qed.

Theorem th16 (x) (y) : (eq (plus x y) (plus y x)) .

Proof.
<pr16>
Qed.

Theorem th17 (x) (y) : (neq y (plus x y)) .

Proof.
<pr17>
Qed.

Theorem th18 (x) (y) (z) : (neq y z) -> (neq (plus x y) (plus x z)) .

Proof.
<pr18>
Qed.

Theorem th19 (x) (y) : TODO: more than one conclusion .

Proof.
<pr19>
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F. Rich proof skeleton for chapter 1 of Landau in Coq

Qed.

Definition gt x y := (exists u (eq x (plus y u))) .

Definition lt x y := (exists v (eq y (plus x v))) .

Theorem th110 (x) (y) : (xor (xor (eq x y) (gt x y)) (lt x y)) .

Proof.
<pr110>
Qed.

Theorem th111 (x) (y) : (gt x y) -> (lt y x) .

Proof.
<pr111>
Qed.

Theorem th112 (x) (y) : (lt x y) -> (gt y x) .

Proof.
<pr112>
Qed.

Definition geq x y := (or (gt x y) (eq x y)) .

Definition leq x y := (or (lt x y) (eq x y)) .

Theorem th113 (x) (y) : (geq x y) -> (leq y x) .

Proof.
<pr113>
Qed.

Theorem th114 (x) (y) : (leq x y) -> (geq y x) .

Proof.
<pr114>
Qed.

Theorem th115 (x) (y) (z) : ((lt x y) / (lt y z)) -> (lt x z) .

Proof.
<pr115>
Qed.

Theorem th116 (x) (y) (z) : (or (and (leq x y) (lt y z)) (and (lt x y) (leq y z))) -> (lt x z) .

Proof.
<pr116>
Qed.

Theorem th117 (x) (y) (z) : ((leq x y) / (leq y z)) -> (leq x z) .

Proof.
<pr117>
Qed.

Theorem th118 (x) (y) : (gt (plus x y) x) .

Proof.
<pr118>
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Qed.

Theorem th119 (x) (y) (z) : ((or (gt x y) (eq x y)) / (or (eq x y) (l t x y))) -> ...

Proof.
<pr119>
Qed.

Theorem th120 (x) (y) (z) : ((or (gt (plus x z) (plus y z)) (eq (p lus x z)
(plus y z))) / (or (eq (plus x z) (plus y z)) (lt (plus x z) (plus y z))))

-> ...

Proof.
<pr120>
Qed.

Theorem th121 (x) (y) (u) (z) : ((gt x y) / (gt z u)) -> (gt (plus x z) (plus y u)) .

Proof.
<pr121>
Qed.

Theorem th122 (x) (y) (u) (z) : (or (and (geq x y) (gt z u)) (and ( gt x y) (geq z u)))
-> (geq (plus x z) (plus y u)) .

Proof.
<pr122>
Qed.

Theorem th123 (x) (y) (u) (z) : ((geq x y) / (geq z u)) -> (geq (pl us x z) (plus y u)) .

Proof.
<pr123>
Qed.

Theorem th124 (x) : (geq x I) .

Proof.
<pr124>
Qed.

Theorem th125 (x) (y) : (gt y x) -> (geq y (plus x I)) .

Proof.
<pr125>
Qed.

Theorem th126 (x) (y) : (lt y (plus x I)) -> (leq y x) .

Proof.
<pr126>
Qed.

Theorem th127 (U : Set) : (setneq U emptyset) -> (exists x (for all y (impl (in y U) (lt x y)))) .

Proof.
<pr127>
Qed.

Definition .
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Theorem th129 (x) (y) : (eq (mul x y) (mul y x)) .

Proof.
<pr129>
Qed.

Theorem th130 (x) (y) (z) : (eq (mul x (plus y z)) (plus (mul x y) (mul x z))) .

Proof.
<pr130>
Qed.

Theorem th131 (x) (y) (z) : (eq (mul (mul x y) z) (mul x (mul y z)) ) .

Proof.
<pr131>
Qed.

Theorem th132 (x) (y) (z) : (or (or (gt x y) (eq x y)) (lt x y)) -> ( or (or (gt (mul x z)
(mul y z)) (eq (mul x y) (mul y z))) (lt (mul x z) (mul y z))) .

Proof.
<pr132>
Qed.

Theorem th133 (x) (y) (z) : (or (or (gt (mul x z) (mul y z)) (eq (m ul x z) (mul y z)))
(lt (mul x z) (mul y z))) -> (or (or (gt x y) (eq x y)) (lt x y)) .

Proof.
<pr133>
Qed.

Theorem th134 (x) (y) (z) (u) : ((gt x y) / (gt z u)) -> (gt (mul x z ) (mul y u)) .

Proof.
<pr134>
Qed.

Theorem th135 (x) (y) (z) (u) : (or (and (geq x y) (gt z u)) (and ( gt x y)
(geq z u))) -> (gt (mul x z) (mul y u)) .

Proof.
<pr135>
Qed.

Theorem th136 (x) (y) (z) (u) : ((geq x y) / (geq z u)) -> (geq (mu l
x z) (mul y u)) .

Proof.
<pr136>
Qed.
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(* Chapter 1 of "Grundlagen der Analysis" from Edmund Landau *)
(* Proof Skeleton generated by MathLang *)
(* Proofs completed by Christoph Zengler *)
(* The proofs are as close as possible to the original reasoni ng steps of Landau *)
(* It was not the intention to generate small and nice coq proo fs, but to emulate Landau's style *)

Require Import Classical_Prop.

(* Definition of Natural Numbers *)

Inductive nats : Set :=
| I : nats
| succ : nats -> nats.

(* Some helper functions to simplify the following proofs *)

Hypothesis doubleneg: forall A:Prop, (~ ~ A) = A.

Lemma contraposition1: forall A B:Prop, (~A -> ~B) -> (B -> A) .
Proof.
intros A B.
intros.
apply imply_to_or in H.
rewrite doubleneg in H.
elim H.
trivial.
intro.
contradiction.
Qed.

Lemma contraposition2: forall A B:Prop, (A -> B) -> (~B -> ~A) .
Proof.
tauto.
Qed.

Definition xor3(A B C:Prop) := (A -> ~ B /\ ~C) /\ (B -> ~A /\ ~C) / \ (C -> ~A /\ ~B).

(* Section 1: axioms & equality *)

Section Chapter1.

Definition eq (x y:nats) := x = y.
Definition neq (x y:nats) := x <> y.

Hypothesis triv1 : forall x y:nats, eq x y = ~ neq x y.
Hypothesis triv2 : forall x y:nats, neq x y = ~ eq x y.
Hypothesis eq1 : forall x:nats, eq x x.
Hypothesis eq2 : forall x y:nats, eq x y -> eq y x.
Hypothesis eq3 : forall x y z:nats, eq x y -> eq y z -> eq x z.
Hypothesis neq1 : forall x y:nats, neq x y -> neq y x.

(*Axiom ax11 : element I nats. - Not required - already in defi nition of nats *)

Axiom ax12exis : forall x:nats, (exists y:nats, eq (succ x) y ).
Axiom ax12uniq : forall x y z:nats, eq (succ x) y -> eq (succ x) z -> eq y z.
Axiom ax12comp: forall x y:nats, eq x y -> eq (succ x) (succ y).

Axiom ax13 : forall x:nats, neq (succ x) I.

Axiom ax14 : forall x y:nats, eq (succ x) (succ y) -> eq x y.

(*Axiom ax15 : element I M -> forall x:natnum, element x M -> el ement (succ x) M -> subset nats M.*)
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(* Section 2: Addition *)

Theorem th11 (x y:nats) : neq x y -> neq (succ x) (succ y).
Proof.
intro x; intro y.
apply contraposition1.
intro.
rewrite <- triv1.
rewrite <- triv1 in H.
apply ax14.
assumption.
Qed.

Theorem th12 (x:nats) : neq (succ x) x.
Proof.
intro x.
elim x.
apply ax13.
intros n H.
apply th11.
assumption.
Qed.

Theorem th13 (x:nats) : neq x I -> exists u:nats, eq x (succ u).
Proof.
(* Part 1*)
intro x.
elim x.
unfold neq.
tauto.

(* Part 2*)
intro n.
intros H H1.
exists n.
unfold eq.
auto.
Qed.

Fixpoint plus (x y:nats) {struct y} : nats := match y with
| I => succ x
| succ z => succ (plus x z)
end.

(* The two main properties of plus as lemmas *)

Lemma plus1: forall x:nats, eq (plus x I) (succ x).
Proof.
intros.
unfold eq.
trivial.
Qed.

Lemma plus2: forall x y:nats, eq (plus x (succ y)) (succ (plus x y)).
Proof.
intros.
unfold eq.
trivial.
Qed.

Theorem th14uniq (x y z u: nats) : eq (plus x y) z -> eq (plus x y) u -> eq z u.
Proof.
(*Part 1*)
intros x y z u.
elim y.
intro H.
elim H.
trivial.

(*Part2*)
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intros n H.
rewrite plus2.
apply ax12uniq.
Qed.

Theorem th14exis (x y:nats) : exists z:nats, eq (plus x y) z.
Proof.
(*Part 1*)
intros x y.
elim y.
rewrite plus1.
apply ax12exis.

(*Part 2*)
intros n H.
elim H.
intros x0 H1.
rewrite plus2.
rewrite H1.
apply ax12exis.
Qed.

(* Two Lemmas derived from the original proof of 14 *)

Lemma pr14P1 : forall y:nats, eq (plus I y) (succ y).
Proof.
intro y.
unfold eq.
induction y.
trivial.
rewrite plus2.
apply ax12comp.
trivial.
Qed.

Lemma pr14P2 : forall x y:nats, eq (plus (succ x) y) (succ (plu s x y)).
Proof.
intros x y.
unfold eq.
induction y.
rewrite plus1.
rewrite plus1.
trivial.
rewrite plus2.
rewrite plus2.
apply ax12comp.
trivial.
Qed.

Theorem th15 (x y z: nats) : eq (plus (plus x y) z) (plus x (plus y z)).
Proof.
(*Part 1*)
intros x y z.
elim z.
rewrite plus1.
rewrite <- plus2.
rewrite <- plus1.
trivial.

(*Part 2*)
intros n H.
rewrite plus2.
rewrite H.
rewrite <- plus2.
rewrite <- plus2.
trivial.
Qed.

Theorem th16 (x y:nats) : eq (plus x y) (plus y x).
Proof.
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(*Part 1*)
intros x y.
elim x.
rewrite plus1.
rewrite pr14P1.
trivial.

(*Part 2*)
intros n H.
rewrite plus2.
elim H.
apply pr14P2.
Qed.

Theorem th17 (x y:nats) : neq y (plus x y).
Proof.
(*Part 1*)
intros x y.
elim y.
rewrite plus1.
apply neq1.
apply ax13.

(*Part2*)
intros n H.
rewrite plus2.
apply th11.
trivial.
Qed.

Theorem th18 (x y z:nats) : neq y z -> neq (plus x y) (plus x z).
Proof.
(*Part1*)
intros x y z.
elim x.
intro H.
rewrite th16.
rewrite plus1.
rewrite th16.
rewrite plus1.
apply th11.
apply H.

(*Part 2*)
intros n H H1.
rewrite th16.
rewrite plus2.
replace (plus (succ n) z) with (plus z (succ n)).
rewrite plus2.
apply th11.
rewrite th16.
replace (plus z n) with (plus n z).
apply H.
apply H1.
apply th16.
apply th16.
Qed.

(* 6 single proofs for the uniquness of eqal, less and greater *)

Lemma th19P12 (x y:nats) : eq x y -> ~(exists u:nats, eq x (plus y u)).
Proof.
intros x y.
rewrite triv1.
apply contraposition2.
intro H.
elim H.
intros x0 H1.
rewrite H1.
rewrite th16.
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apply neq1.
apply th17.
Qed.

Lemma th19P21 (x y:nats) : (exists u:nats, eq x (plus y u)) -> n eq x y.
Proof.
intros x y.
apply contraposition1.
rewrite <- triv1.
apply th19P12.
Qed.

Lemma th19P13 (x y:nats) : eq x y -> ~(exists v:nats, eq y (plus x v)).
Proof.
intros x y.
rewrite triv1.
apply contraposition2.
intro H.
elim H.
intros x0 H1.
rewrite H1.
rewrite th16.
apply th17.
Qed.

Lemma th19P31 (x y:nats) : (exists v:nats, eq y (plus x v)) -> n eq x y.
Proof.
intros x y.
apply contraposition1.
rewrite <- triv1.
apply th19P13.
Qed.

Lemma th19P23 (x y:nats) : (exists u:nats, eq x (plus y u)) -> ~ (exists v:nats, eq y (plus x v)).
Proof.
intros x y H.
elim H.
intro x0.
apply contraposition1.
rewrite doubleneg.
rewrite <- triv2.
intro H1.
elim H1.
intro x1.
intro H2.
rewrite H2.
rewrite th15.
rewrite th16.
apply th17.
Qed.

Lemma th19P32 (x y:nats) : (exists v:nats, eq y (plus x v)) -> ~ (exists u:nats, eq x (plus y u)).
Proof.
intros x y.
apply contraposition1.
rewrite doubleneg.
apply th19P23.
Qed.

(* The complete result *)

Theorem th19uniq (x y:nats) : xor3 (eq x y) (exists v:nats, eq y (plus x v)) (exists u:nats, eq x (plus y u)).
Proof.
unfold xor3.
intros x y.
rewrite <- triv2.
split.
intro.
split.
apply th19P12.
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auto.
apply th19P13.
auto.
split.
intro.
split.
apply th19P31.
auto.
apply th19P32.
auto.
split.
apply th19P21.
trivial.
apply th19P23.
trivial.
Qed.

Theorem th19exis (x y:nats) : (exists u:nats, eq x (plus y u)) \/ (exists v:nats, eq y (plus x v)) \/ (eq x y).
Proof.
intros x y.
induction y.
induction x.
right.
right.
auto.
elim IHx.
clear IHx.
intro.
destruct H.
left.
exists (succ x0).
rewrite plus2.
unfold eq.
apply ax12comp.
trivial.
intro.
elim H.
intro.
left.
exists x.
rewrite th16.
rewrite plus1.
trivial.
intro.
unfold eq in H0.
left.
exists x.
rewrite th16.
rewrite plus1.
trivial.
elim IHy.
intro.
destruct H.
induction x0.
right.
right.
rewrite plus1 in H.
trivial.
left.
exists x0.
unfold eq in H.
rewrite H.
rewrite plus2.
replace (plus (succ y) x0) with (plus x0 (succ y)).
rewrite plus2.
rewrite th16.
trivial.
apply th16.
intro.
elim H.
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intro.
destruct H0.
right.
left.
exists (succ x0).
rewrite plus2.
apply ax12comp.
trivial.
intro.
right.
left.
exists I.
rewrite plus1.
apply ax12comp.
auto.
Qed.

(* Section 3: Ordering *)

Definition gt (x y:nats) := exists u:nats, eq x (plus y u).
Definition lt (x y:nats) := exists v:nats, eq y (plus x v).

Theorem th110exis (x y:nats) : (gt x y) \/ (lt x y) \/ (eq x y).
Proof.
intros x y.
unfold xor3.
unfold gt.
unfold lt.
apply th19exis.
Qed.

Theorem th110uniq (x y:nats) : xor3 (eq x y) (lt x y) (gt x y).
unfold gt.
unfold lt.
intros x y.
apply th19uniq.
Qed.

Theorem th111 (x y:nats) : gt x y -> lt y x.
Proof.
intros x y.
unfold gt.
intro H.
elim H.
intros x0 H1.
unfold lt.
exists x0.
assumption.
Qed.

Theorem th112 (x y:nats) : lt x y -> gt y x.
Proof.
intros x y.
unfold lt.
intro H.
elim H.
intros x0 H1.
unfold gt.
exists x0.
assumption.
Qed.

Definition geq (x y:nats) := gt x y \/ eq x y.
Definition leq (x y:nats) := lt x y \/ eq x y.

(* Trivial facts about eq and leq *)

Hypothesis ngeq : forall x y:nats, (~ geq x y) = lt x y.
Hypothesis nleq : forall x y:nats, (~ leq x y) = gt x y.
Hypothesis ngeq2 : forall x y:nats, geq x y -> (~ lt x y).
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Hypothesis nleq2 : forall x y:nats, leq x y -> (~gt x y).
Hypothesis ngt : forall x y:nats, (~ gt x y) -> leq x y.
Hypothesis nlt : forall x y:nats, (~ lt x y) -> geq x y.

Theorem th113 (x y:nats) : geq x y -> leq y x.
Proof.
(*Part 1*)
intros x y.
unfold geq.
unfold leq.
intro H.
elim H.
intro H1.
left.
apply th111.
assumption.

(*Part 2*)
intro H1.
right.
auto.
Qed.

Theorem th114 (x y:nats) : leq x y -> geq y x.
Proof.
(*Part 1*)
intros x y.
unfold leq.
unfold geq.
intro H.
elim H.
intro H1.
left.
apply th112.
assumption.

(*Part 2*)
intro H1.
right.
auto.
Qed.

Theorem th115 (x y z:nats) : lt x y -> lt y z -> lt x z.
Proof.
intros x y z.
unfold lt.
intro H.
elim H.
intro x0.
intro H1.
intro H2.
elim H2.
intro x1.
intro H3.
rewrite H1 in H3.
rewrite H3.
exists (plus x0 x1).
rewrite th15.
auto.
Qed.

Lemma th115gt : forall x y z:nats, gt x y -> gt y z -> gt x z.
Proof.
intros x y z.
intros.
apply th112.
apply th111 in H.
apply th111 in H0.
apply th115 with y.
trivial.
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trivial.
Qed.

Theorem th116 (x y z:nats) : ((leq x y /\ lt y z) \/ (lt x y /\ leq y z )) -> lt x z.
Proof.
(*Part 1*)
intros x y z.
intro H.
elim H.
intro H1.
elim H1.
intros H2 H3.
clear H1.
unfold leq in H2.
elim H2.
intro H4.
apply th115 with y.
assumption.
assumption.
intro H4.
rewrite H4.
assumption.

(*Part 2*)
intro H1.
elim H1.
intros H2 H3.
clear H1.
unfold leq in H3.
elim H3.
intro H4.
apply th115 with y.
assumption.
assumption.
intro H4.
rewrite <- H4.
assumption.
Qed.

Theorem th117 (x y z:nats) : (leq x y /\ leq y z) -> leq x z.
Proof.
intros x y z.
unfold leq.
intro H.
elim H.
intros H1 H2.
clear H.
elim H1.
elim H2.
intros H3 H4.
left.
apply th115 with y.
assumption.
assumption.
intros H3 H4.
left.
rewrite H3 in H4.
assumption.
intro H3.
rewrite H3.
assumption.
Qed.

Theorem th118 (x y:nats) : gt (plus x y) x.
Proof.
intros x y.
unfold gt.
exists y.
trivial.
Qed.
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Theorem th119P1 (x y z:nats) : gt x y -> gt (plus x z) (plus y z).
intros x y z.
Proof.
unfold gt.
intro H.
elim H.
intro x0.
intro H1.
rewrite H1.
exists x0.
replace (plus (plus y z) x0) with (plus y (plus z x0)).
replace (plus y (plus z x0)) with (plus y (plus x0 z)).
replace (plus y (plus x0 z)) with (plus (plus y x0) z).
trivial.
apply th15.
replace (plus z x0) with (plus x0 z).
trivial.
apply th16.
rewrite th15.
trivial.
Qed.

Theorem th119P2 (x y z:nats) : eq x y -> eq (plus x z) (plus y z).
Proof.
intros x y z H.
rewrite H.
trivial.
Qed.

Theorem th119P3 (x y z:nats) : lt x y -> lt (plus x z) (plus y z).
Proof.
intros x y z H.
apply th112 in H.
apply th111.
apply th119P1.
assumption.
Qed.

Theorem th120P1 (x y z:nats) : gt (plus x z) (plus y z) -> gt x y.
Proof.
(*Part 1*)
intros x y z.
elim z.
rewrite plus1.
rewrite plus1.
unfold gt.
intro H.
elim H.
intros x0 H1.
exists x0.
apply ax14.
replace (plus (succ y) x0) with (plus x0 (succ y))in H1.
rewrite plus2 in H1.
replace (plus y x0) with (plus x0 y).
assumption.
apply th16.
apply th16.

(*Part 2*)
intro n.
intro H.
intro H1.
apply H.
unfold gt.
unfold gt in H.
elim H.
intro x0.
intro H2.
rewrite H2.

November 20, 2008 182



G. The complete formalised Coq Code

exists x0.
replace (plus (plus y n) x0) with (plus y (plus n x0)).
replace (plus n x0) with (plus x0 n).
replace (plus y (plus x0 n)) with (plus (plus y x0) n).
trivial.
apply th15.
apply th16.
rewrite th15.
trivial.
unfold gt in H1.
elim H1.
intro x0.
intro H2.
exists x0.
apply ax14.
rewrite plus2 in H2.
rewrite plus2 in H2.
replace (plus (succ (plus y n)) x0) with (plus x0 (succ (plus y n))) in H2.
rewrite plus2 in H2.
replace (plus x0 (plus y n)) with (plus (plus y n) x0) in H2.
assumption.
apply th16.
apply th16.
Qed.

Theorem th120P2 (x y z:nats) : eq (plus x z) (plus y z) -> eq x y.
Proof.
(* Part 1*)
intros x y z.
elim z.
intro H.
rewrite plus1 in H.
rewrite plus1 in H.
apply ax14.
trivial.

(*Part 2*)
intros n H H1.
apply H.
apply ax14.
rewrite plus2 in H1.
rewrite plus2 in H1.
assumption.
Qed.

Theorem th120P3 (x y z:nats) : lt (plus x z) (plus y z) -> lt x y.
Proof.
(*Part 1*)
intros x y z H.
apply th111.
apply th112 in H.
apply th120P1 with z.
assumption.
Qed.

Theorem th121 (x y z u: nats) : gt x y /\ gt z u -> gt (plus x z) (plus y u).
Proof.
intros x y z u H.
elim H.
intros H1 H2.
clear H.
cut (gt (plus x z) (plus y z)).
intro H3.
replace (plus y z) with (plus z y) in H3.
cut (gt (plus z y) (plus u y)).
intro H4.
replace (plus u y) with (plus y u) in H4.
apply th115gt with (plus z y).
assumption.
assumption.

November 20, 2008 183



G. The complete formalised Coq Code

apply th16.
apply th119P1.
assumption.
apply th16.
apply th119P1.
assumption.
Qed.

Theorem th122 (x y z u:nats) : geq x y /\ gt z u \/ gt x y /\ geq z u -> g t (plus x z) (plus y u).
Proof.
intros x y z u H.
elim H.
clear H.
intro H1.
elim H1.
clear H1.
intros H2 H3.
unfold geq in H2.
elim H2.
intro H4.
apply th121.
split.
assumption.
assumption.
intro H4.
rewrite H4.
rewrite th16.
replace (plus y u) with (plus u y).
apply th119P1.
assumption.
apply th16.
intro H1.
elim H1.
intros H2 H3.
unfold geq in H3.
elim H3.
intro H4.
apply th121.
split.
assumption.
assumption.
intro H4.
rewrite H4.
apply th119P1.
assumption.
Qed.

Theorem th123 (x y z u:nats) : geq x y /\ geq z u -> geq (plus x z) (p lus y u).
Proof.
intros x y z u H.
elim H.
clear H.
intros H1 H2.
unfold geq in H1.
unfold geq in H2.
elim H1.
clear H1.
elim H2.
clear H2.
intros H3 H4.
unfold geq.
left.
apply th121.
split.
assumption.
assumption.
intros H5 H6.
elim H2.
intro H7.
unfold geq.
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left.
rewrite H5.
apply th119P1.
assumption.
intro H8.
unfold geq.
left.
rewrite H5.
apply th119P1.
assumption.
intro H9.
unfold geq.
elim H2.
intro H10.
left.
rewrite H9.
rewrite th16.
replace (plus y u) with (plus u y).
apply th119P1.
assumption.
apply th16.
intro H11.
right.
rewrite H9.
rewrite H11.
trivial.
Qed.

Theorem th124 (x:nats) : geq x I.
Proof.
(*Part 1*)
intro x.
elim x.
unfold geq.
right.
trivial.

(*Part 2*)
intro n.
intro H.
left.
unfold geq in H.
elim H.
clear H.
intro H1.
unfold gt in H1.
elim H1.
intro x0.
intro H2.
unfold gt.
exists n.
rewrite <- pr14P1.
trivial.
intro H3.
unfold gt.
exists n.
rewrite <- pr14P1.
trivial.
Qed.

Theorem th125 (x y: nats) : gt y x -> geq y (plus x I).
Proof.
intros x y H.
unfold gt in H.
elim H.
intros x0 H1.
cut (geq x0 I).
intro H2.
elim H2.
clear H2.
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intro H3.
unfold geq.
left.
rewrite H1.
rewrite th16.
replace (plus x I) with (plus I x).
apply th119P1.
assumption.
apply th16.
clear H2.
intro H2.
unfold geq.
right.
rewrite H1.
rewrite H2.
trivial.
apply th124.
Qed.

Theorem th126 (x y:nats) : lt y (plus x I) -> leq y x.
Proof.
intros x y.
apply contraposition1.
intro H.
cut ((~ leq y x) = (gt y x)).
intro H2.
rewrite H2 in H.
cut (geq y (plus x I)).
intro H3.
apply ngeq2.
assumption.
apply th125.
assumption.
apply nleq.
Qed.

(* Section 4: Multiplication *)

Fixpoint mul (x y: nats) {struct y}: nats := match y with
| I => x
| (succ z) => plus (mul x z) x
end.

(* The two main properties of multiplication as lemmas *)

Lemma mul1: forall x:nats, eq (mul x I) x.
Proof.
intro x.
trivial.
Qed.

Lemma mul2: forall x y:nats, eq (mul x (succ y)) (plus (mul x y) x).
Proof.
intro x.
trivial.
Qed.

Theorem th128uniq (x y z u: nats) : eq (mul x y) z -> eq (mul x y) u - > eq z u.
Proof.
(*Part 1*)
intros x y z u.
elim y.
intro H.
elim H.
trivial.

(*Part2*)
intros n H.
rewrite mul2.
apply th14uniq.
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Qed.

Theorem th128exis (x y:nats) : exists z:nats, eq (mul x y) z.
Proof.
(*Part 1*)
intros x y.
elim y.
rewrite mul1.
exists x.
trivial.

(*Part 2*)
intros n H.
elim H.
intros x0 H1.
rewrite mul2.
rewrite H1.
apply th14exis.
Qed.

Lemma pr128P1 : forall y:nats, eq (mul I y) y.
Proof.
intro y.
unfold eq.
rewrite <- mul1.
rewrite mul1.
induction y.
rewrite mul1.
trivial.
rewrite mul2.
rewrite IHy.
rewrite <- plus1.
trivial.
Qed.

Lemma pr128P2 : forall x y:nats, eq (mul (succ x) y) (plus (mul x y) y).
Proof.
intros x y.
unfold eq.
induction y.
rewrite mul1.
rewrite mul1.
rewrite plus1.
trivial.
rewrite mul2.
rewrite IHy.
rewrite plus2.
rewrite plus2.
rewrite mul2.
replace (plus (plus (mul x y) x) y) with (plus (mul x y) (plus x y )).
replace (plus x y) with (plus y x).
replace (plus (mul x y) (plus y x)) with (plus (plus (mul x y) y) x).
trivial.
apply th15.
apply th16.
rewrite th15.
trivial.
Qed.

Theorem th129 (x y:nats) : eq (mul x y) (mul y x).
Proof.
(*Part 1*)
intros x y.
elim x.
rewrite mul1.
rewrite <- pr128P1.
trivial.

(*Part 2*)
intros n H.
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rewrite mul2.
rewrite pr128P2.
rewrite H.
trivial.
Qed.

Theorem th130 (x y z:nats) : eq (mul x (plus y z)) (plus (mul x y) (mul x z)).
Proof.
(*Part 1*)
intros x y z.
elim z.
rewrite plus1.
rewrite mul1.
apply mul2.

(*Part 2*)
intros n H.
rewrite plus2.
rewrite mul2.
rewrite H.
rewrite th15.
rewrite <- mul2.
trivial.
Qed.

Lemma rem12: forall x y z:nats, eq (mul (plus y z) x) (plus (mul y x) (mul z x)).
Proof.
intros x y z.
rewrite th129.
replace (mul y x) with (mul x y).
replace (mul z x) with (mul x z).
apply th130.
apply th129.
apply th129.
Qed.

Theorem th131 (x y z:nats): eq (mul (mul x y) z) (mul x (mul y z)) .
Proof.
(*Part 1*)
intros x y z.
elim z.
rewrite mul1.
rewrite mul1.
trivial.

(*Part 2*)
intros n H.
rewrite mul2.
rewrite H.
rewrite <- th130.
rewrite <- mul2.
trivial.
Qed.

Theorem th132P1 (x y z:nats) : gt x y -> gt (mul x z) (mul y z).
Proof.
intros x y z H.
unfold gt in H.
elim H.
intros u H1.
rewrite H1.
rewrite rem12.
apply th118.
Qed.

Theorem th132P2 (x y z:nats) : eq x y -> eq (mul x z) (mul y z).
Proof.
intros x y z H.
rewrite H.
trivial.
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Qed.

Theorem th132P3 (x y z:nats) : lt x y -> lt (mul x z) (mul y z).
Proof.
intros x y z H.
apply th112 in H.
apply th111.
apply th132P1.
assumption.
Qed.

Theorem th133P1 : forall x y z:nats, gt (mul x z) (mul y z) -> gt x y.
Proof.
intros x y z H.
assert (H4 : forall a b:nats, gt a b -> ~(lt a b) /\ neq a b).
intros a b.
unfold gt.
unfold lt.
intro.
split.
apply th19P23.
trivial.
apply th19P21.
trivial.
apply H4 in H.
elim H.
intros.
clear H.
apply (contraposition2 (lt x y) (lt (mul x z) (mul y z)) (th132 P3 x y z)) in H0.
rewrite triv2 in H1.
apply (contraposition2 (eq x y) (eq (mul x z) (mul y z)) (th132 P2 x y z)) in H1.
assert (H2 : forall A B C :Prop, A \/ B \/ C -> ~B -> ~C -> A).
tauto.
apply (H2 (gt x y) (lt x y) (eq x y) (th110exis x y)).
trivial.
trivial.
Qed.

Theorem th133P2 : forall x y z:nats, eq (mul x z) (mul y z) -> eq x y .
Proof.
intros x y z H.
assert (H4 : forall a b:nats, eq a b -> ~(lt a b) /\ ~(gt a b)).
intros a b.
intro.
split.
unfold lt.
apply th19P12.
auto.
unfold gt.
apply th19P13.
auto.
apply H4 in H.
elim H.
clear H.
intros.
apply (contraposition2 (lt x y) (lt (mul x z) (mul y z)) (th132 P3 x y z)) in H.
apply (contraposition2 (gt x y) (gt (mul x z) (mul y z)) (th132 P1 x y z)) in H0.
assert (H2 : forall A B C :Prop, A \/ B \/ C -> ~A -> ~B -> C).
tauto.
apply (H2 (gt x y) (lt x y) (eq x y) (th110exis x y)).
trivial.
trivial.
Qed.

Theorem th133P3 (x y z:nats) : lt (mul x z) (mul y z) -> lt x y.
Proof.
intros x y z H.
apply th111.
apply th112 in H.
apply th133P1 with z.
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assumption.
Qed.

Theorem th134 (x y z u:nats) : gt x y /\ gt z u -> gt (mul x z) (mul y u ).
Proof.
intros x y z u H.
elim H.
intros H1 H2.
cut (gt (mul x z) (mul y z)).
intro H3.
cut (gt (mul z y) (mul u y)).
intro H4.
rewrite th129 in H4.
replace (mul y u) with (mul u y).
apply th115gt with (mul y z).
assumption.
assumption.
apply th129.
apply th132P1.
assumption.
apply th132P1.
assumption.
Qed.

Theorem th135 (x y z u:nats) : geq x y /\ gt z u \/ gt x y /\ geq z u -> g t (mul x z) (mul y u).
Proof.
intros x y z u.
intro H.
elim H.
intro H1.
unfold geq in H1.
elim H1.
intros H2 H3.
elim H2.
intro H4.
apply th134.
split.
assumption.
assumption.
intro H4.
rewrite H4.
rewrite th129.
replace (mul y u) with (mul u y).
apply th132P1.
assumption.
apply th129.
intro H1.
elim H1.
intros H2 H3.
unfold geq in H3.
elim H3.
intro H4.
apply th134.
split.
assumption.
assumption.
intro H4.
rewrite H4.
apply th132P1.
assumption.
Qed.

Theorem th136 (x y z u:nats) : geq x y /\ geq z u -> geq (mul x z) (mu l y u).
Proof.
intros x y z u H.
unfold geq in H.
unfold geq.
elim H.
intros H1 H2.
clear H.
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elim H1.
elim H2.

intros H3 H4.
left.
apply th135.
right.
split.
assumption.
unfold geq.
left.
assumption.

intros H3 H4.
left.
apply th135.
right.
split.
assumption.
unfold geq.
right.
assumption.

elim H2.
intros H3 H4.
left.
apply th135.
left.
split.
unfold geq.
right.
assumption.
assumption.

intros H3 H4.
right.
rewrite H3.
rewrite H4.
trivial.
Qed.
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